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K8M�c�e«PncHcHM�c�K8p�cmbzcmFUd�e#M¾c9I/NVPSEGQHMn?z�:DLM�¸�M�F�N½¨lPSt8t8NGEJiZPnFUEGI/DRK8M�NVP]NJI/E;K8MBNVP\�SQUP|��EGFTP<FUEJISD«p8D8E´�/M�QHcHM�NJNGM
tuMZQHefM�FÁK8M�K8A�iZQ9EJQHMfC{K8d�NJMZefMZD¦FvNJP�FHQUP(À9M�i�FUISEJQHM#K8MZcÁt8NVPSD3d�FUM�cXM�FÁK8p cHISNJMZEGN±K{PSD8cXi�M�QHA�ghAZQ9MZD¦FUEGMZNq:
e#PSNJ�/Q9ABo*p8M�NJo*p8MZc�NGAZ�/d�QHMZc�MZD¦FUI/Q9cHM�c�Q9AZcHISNJp8M�c�t{PSQ�NJPX��M�NVPnFHEG��EGFHA0v¾AZD8A�QUPSNGMS?8¢�MZc�FUQHP(À9MZi�FUI/EGQHM�c�QHA|P(©
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iZISe#d�FUM!Z&t3QHI|ÇzEJefEGFUAfK8M 6 p8t3EGFUM�Q�:YD8I/p8cÁcHI/efe#M�cXMZD efMZc9p8QHMj:.��EVP�NVP&i�I/D8D{PSEGcHcHPSD8iZMLK3M�NVPÊFUQUP(©
À9MZi�FUI/EGQHM��{PSQmb�iZMZD¦FHQHEJo*p8M«K8M 6 p3t8EGFHMZQ�:$K8MfNVPÊtuI/cHE´FUEJISD8D8MZQ¾K8PSD8cÁNGMRc9b�c9FHdZefM �{PSQmb�iZMZD¦FHQHEJo*p8Mn? ; D8M
K8M�pzÇzEJdZefMBQ9A|PSNGEJcHPnFUEGI/D�: �uM|PSp3iZI/p8tLt3NJp8c­QHA�iZMZD¦FHM9:8in¨lM�c9F�NGM�Q9A�ghAZQ9MZD¦FUEGMZN�e«PnFHAZQ9EVPSNGEJcHA�t{PSQ�NGMZc®I/Q �8E´FUM�c
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FUQ9p8iT�8M�e#M�D*F®K8M�NVP�efAZiZPSD8EGo�p3M�D3M�£�FUISD8EJM�D8D8M�M�F­K8M�NVP¾NGI/E3K8M�NVP��SQUP|��EGFTP<FUEJISDvp8D8EG�SMZQ9cHMZNGNJM �¦i�M�c9I/D¦F
NJM�c��nbzQ9I/cHi�I/tuMZcBefAZiZPSD8EGo�p3MZc�:;NGMZc��Sb�QHIn©+NVPSc9MZQ&:{NJMZc��Sb�QHIScHiZISt�M�c_ZfPnFUI/efMZc�ghQHISEJK8c&:{o�p3EYtuMZQ9e#M�FHFHMZD¦F
K8MvefMZc9p8QHM�Q�NJM�c¾PSiZi�AZNGAZQUP<FUEJISD8c�K�¨sp8D c9b�c9FHdZefMve#A�i|PSD3EJo*p8M9:�iZI/efe#M\NVP«Q9ISFTP<FUEJISD&EJD3c9FTPnD*FUPSD8A�MvK8M
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����� aWbFc�"$dfe )g(J)g-.�ihj��-.)f�Jkl)3"$)fe � % -6)i*
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efMZcHp3QHAZM�c�o*p�¨ ZXt{PSQ9FHEJQ±K8p�efI/efMZD¦F®I � N½¨sI/D#cHp3F�Q9A|PSNGEJc9MZQ±K8MZc�AZiT�8M�NJNJM�c�K8M�FUMZeft8c®t8NJp8c®c9FUP��8NJM�o*p8M
iZM�NJNGMBK8A�iZI/p8NJPSD¦F�K8M�NJPÁcHp3iZMZc9cHEGI/DÊK8MZc.À9I/p3QHc�c9I/NVPSEGQHM�cZ?z~YPXQ9A�ghA�QHMZD3iZM¾K8M�FHMZeft8cYÀ9I/p8MBK8I/D8i�p3DLQH¿/NGM
FUISp3F�PSp8c9cHE�ghI/D8K{Pne#M�D*FUPSN�o*p8MONJM�c�QHA�ghA�QHM�D8iZM�c�c9t{PnFUEJPSNJM�cZ?

6 p8cHo*p�¨sMZD x��/Â/_ONJP\c9p8iZi�MZcHc9EJI/DLK3MZc$À9ISp8QHc®cHI/NJPSEJQ9MZc±e#I�bSMZD8c�i�I/D8cmFUEGFHp{PSE´F®N¹¨lA�iT�8MZNGNJM�K8M�FUMZeft8c®K8M
QHA�ghAZQ9MZD8i�M­i�EG��EJNGM9:�NJM�WYMZeft8c ; D3EG�/M�QHc9MZN*I/p¾W ; ?<¢�M�t�M�D8K{PSD¦F�:�K8dZc$NJM�c$PSD8D8A�MZc x��/kS¥�K8MZc$EJQ9QHA��/p8NVPnQHEGFHAZc
cUPnEJcHISD8D8EJd�QHM�c�ghp8QHM�D*F�K3AZiZM�NJA�MZc�MZD¦FUQ9M¾NJM�W ; M�F�NJM�c��8I/Q9NJI/�/M�ciZXo*p{PSQmF 
¾o*p8E��SMZD{PSEGMZD¦F�K�¨ <�FUQ9M¾e#EGcHM�c
PSp�t�I/EGD¦F|?;¢�M�Q9FTPnEJD8M�c�I �3cHMZQm�nPnFUEGI/D8c�K8MZc�t8NVPnD8d�FHMZc�M�F�K8M\NJP#~�p8D3MÁP|�nPSEJM�D¦F�K3A�À�Z#efEJc�M�D&A��zEGK8MZD3iZM
o*p8MRW ; D�¨`P|�nPSE´FOt{PScOp8D8MRe#PSQHiT�8MRPnp8cHc9E­p3D8EGghI/Q9e#M\o*p8M#NGMXFUM�e#t8cOPncHcHI�iZEGA ZÊNJP�e«PnQHiT�8MvK8MRi�MZc
PScmFUQHM�c�:­I/p W.M�e#t8cfK8M�c��:t8�8A�e#A�QHEJK3MZc�:±W���?®~±¨sAZiT�3MZNJNGM�K3M�FHMZeft8cRW�� D�¨lM�c9F#D8E�t8NJp8cfD8E�efI/EJD8c
o*p8MvNVPfQHAZPSNJEGcUPnFHEJI/D�t8QUP<FUEJo*p8MÁK8p�p¼FHMZeft8cBD8M�£�FUI/D3EJMZD²P��3cHI/NGp$]j:uEJD¦FUM�Q9�/M�D{PSD¦F¾K{PnD8c¾NJM�cBAZo*p{P<FUEJISD8c
K8E´¸�A�QHMZD¦FHEJMZNGNJM�c�D8M�£�FHI/D8EGMZD8D8M�c�K3p�efI/p3�SMZefMZD¦F�K8MZc�t8NJPSD8d�FHMZc�?
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»¼D¦FUM�QHD{PnFHEJI/D8PSNq:/WYÃB»S:*K8ISD*F®N½¨sp8D8E´FUA�K8M�FUM�e#t3c®A�FTPSNGI/D�:¦NVP¾c9MZiZISD8K8MBWYÃB»S:*c�¨`PSi�iZp8eÁp8NJM�K8MZt3p8EJc­NJM�x|M�Q
ÀHPSD¦��EJM�QBx��/rSw3?�@Bp�g6PSEGFOK8p�QUPSNGMZD¦FUEGcHc9MZefMZD¦FÁK3M#NJPÊQ9ISFTP<FUEJISD FHMZQ9QHMZcmFUQ9M9:YNVPÊcHMZi�I/D8K8M#W ; :YiS¨sMZcmF9© Z(©
K8EGQHM�NJPXw/�S^¦¥S¥SdZefM�t{PSQmFUEGM�K8p\À9I/p8Q�c9I/NVPnEJQHM�e#I�bSMZD�PSp8�/efMZD¦FHM�MZDÊefI(bSMZD8D3M]K3M x8:`�Xefc�t{PnQ�cHEJd�iZNGM
�6M�D g6PnEJcUPnD*FfP �8c9FHQUPSi�FUEJISD K3MZcREJQ9QHAZ�Sp8NVPSQ9EGFHAZc Z0t8NGp8cRiZI/p8QmFRFUMZQ9e#MLK3M�NJP0NJI/D8�Sp8MZp8QvK3p0À9I/p3Qvo�p3E
PnF9FUMZEG�/D8M�D*FOr«e#EGNJNJEGcHM�iZI/D8K3M]c9p8Q]ÂS¥�PnD8c � ?�~$P�cHMZi�I/D8K8MRWYÃB»�P�A�FHAviT�8I/EGcHEJMÁiZI/efe#M\NVP�wS�S^¦¥/¥Sd�e#M
t{PSQmFUEGM�K3pOÀ9I/p8Q­cHISNVPSEGQHM�efI(bSMZD#K8MZc�PSD8D8A�MZc x|w¦_S¥3?¦»¼N;MZD«QHAZc9p8NGFHM�o*p8M�NJM�WYÃB» �{P<F�NGAZ�/d�QHMZefMZD¦F®t8NJp3c
��EGFHMXo*p8MRNJMXW ; :�M�F¾t8Q9AZc9MZD¦FUMfK8I/D8ivp3D²M ÇziZdZc]iZQ9I/EJc9cUPSD¦FOt{PnQ�QUPSt3t�I/QmF ZLiZMvK8M�QHD8EGMZQ&:�iZQ9I/EJc9cUPSD8i�M
cZ¨lPSi�iZAZNGAZQHPSD¦F�P|�/M�i®N¹¨`Pnp8�/efMZD¦FTPnFHEJI/D¾c9AZi�p8NVPSEGQHM±K8M±NVP�c9MZiZISD8K8M�K3M­W ; i|Pnp8cHA�M®t{PnQYNGM±QUPSNGMZD¦FUEGcHcHM�e#M�D¦F
K8MONVPXQ9ISFTP<FUEJISD�FUMZQ9QHM�c9FUQ9MS?
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�/M�NJI/t3t�A�MZcXK8M�t8p8EGcÁp8D8M#FUQHM�D¦FTPSEGD8M#K�¨`PSD3D8AZM �YQUPnK8EJIn©+EJD¦FUM�Q9ghA�QHI/efA�FHQHEJM Z�FUQ9dZcÁNGI/D8�/p3M �{PncHM � ¬±MZQ9b
~�I/D8� ��PSc9MZNJEGD8MR»¼D¦FUMZQmghMZQ9I/e#M�FUQmb8:�¬¾~ ��» � :�NVPncHMZQOcHPnFUM�NJNJE´FUM �¹a3PnFHMZNJNGEGFHMv~$PScHM�QÁ��PSD8�/EGD8� :$az~Y� �1:�M�F
t8NGp8cÁQ9AZiZA�e#efMZD¦FÁNJMZcÁc9b�c9FHdZefMZcXK8M«t�I/c9EGFHEJI/D8D3MZefMZD¦FÁ�SNJI �{PnN­t8PSQÁcHPnFUM�NJNJE´FUM �6NGM�vO�­a�PSefAZQHEGi|PSEGD�:
NJM!v]~ 	¾É�Ã�a8a!QHp8c9cHMj::M�F �8EGMZD¦FUInFvNJMJv¾Ã�~�»�~$� 	jM�p8QHISt�A�MZD � ?�Ã FUEGQHM�K3MLiZI/eft{PSQ9EJcHISD�NJM�cÁFUM�iT�z©
D8EGo�p3MZcOt8p8Q9MZefMZD¦FXPnc9FUQ9I/efA�FUQ9EJo*p8M�c�: �{PncHAZMfcHp3Q]NGMvQHM�NJM��SAZMfK8MRNVP�tuI/cHE´FUEGI/D0K8MZc]A�FHI/EJNGMZc&:�K8I/D3D8MZD¦F
p8D8MOt8Q9AZi�EJcHEGI/DÊK8MON½¨sI/QHK3QHM¾K8M\rS¥ve#PSc�FUI/pzF�PSp�t3NJp8c�?

�:D#N¹¨`P��3cHiZM�D8iZM�K8M�tuMZQmFUp8Q �{PnFUEGI/DvEJD¦FHMZQHD3M�ISpfM Ç�FUMZQ9D8M9:*NJP�W.M�QHQHM�FHI/p8QHD3MZQUPnEGF:p8D3EGghI/Q9e#A�e#M�D*F�MZD
_SkS�{rS�SefEJD8^8? x�¥Sc�PSpzFUI/p8QBK�¨lp3D P<ÇzMXEJD¦�nPSQHEJP��8NGM]K8PSD8c¾N½¨sMZc9t{PSi�M9:�g6PnEJcUPnD*FBp8D PSD8�SNJMÁK3MR_Sk ◦ _n�3¨�P|�SMZiNJM¾tu¿/NGM�K8MON½¨sAZi�NJEJtzFUEJo*p8Mn?8~�MOcHp<À9M�F�cHMZQHPSEGF���E´FUM��{PSNJP|b/AS?;�:DÊg6PSEGF�NVPXQHInFTPnFHEJI/DLK8MONJPXW.M�QHQHM]t8Q9AZcHM�D¦FUM
K8M�cf�{p3i�FUp8PnFUEGI/D8cRK8I/D¦FfEJN�c�¨`PS�SEGFRK8MÊK8EGcHiZM�QHD8M�Q#NGMZcRi|Pnp8cHM�c�Z0NVP�ghI/EGcvK8M�D8PnFUp8Q9M�PSc9FHQHI/D8ISe#EGo�p3M
M�F��/A�I/t8�¦b�cHEGo�p3MS?�É�I/p8c�PSNGNJI/D8c�K3AZiZQ9EJQ9M]c9I/efe«PSEGQHM�e#M�D*F�iZMZc�EJQ9QHA��/p8NVPnQHEGFHAZc�K8PSD8c�p8D8M]t�M�QHcHtuMZi�FUE´�/M
�8EGc9FUISQHEJo*p8Mn?{~$PviT�8QHI/D3I/NJI/�SEJMBK3M]NGMZp8Q9c�K8AZi�I/p3�/M�Q9FHMZc�QHM��8d�FUM\PSp8c9cHE�NGMZc�t8Q9I/�/QHd�c�K8MZc�FUM�iT�8D8EGo�p3MZc�K8M
efMZcHp3QHMZcYPScmFUQ9I/e#A�FUQ9EJo*p8MZc$M�F$�/AZI�K8AZc9EJo*p8M�cZ?<@�PSD8c$p8D]K8M�pzÇzEJdZefM�FUM�e#t3cYD3I/p8cYPSNJNGI/D8cu�/I/EGQ�iZI/efe#M�D¦F
iZM�c��nPSQ9EVPnFHEJI/D3c�cHISD*F�efMZc9p8QHA�MZc�:;M�F�o*p8M�NJNGM¾t{PSQUPne#A�FUQHEGcUPnFHEJI/D«MZc9F�p3FHEJNGEJcHA�M0ZRiZM�F9FUM¾C{D�?
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t0
M�F±NJP�K{PnFUM

t
cHM�K8A�K8p8E´F

K8M
ω
t{PSQ�EJD¦FHAZ�/QHPnFUEGI/D �

θ(t) − θ(t0) =

∫ t

t0

ωdt =

∫ t

t0

Ω(1 +m3)dt
�¹_z?lk��

cHISEGF
θ(t) − θ(t0) = Ω(t− t0) +

∫ t

t0

Ωm3dt
�¹_z?s^��

I/pÊMZD3iZI/Q9M
θ(t) − θ(t0) = Ω(t− t0) −

∫ t

t0

∆LOD
Ω

2πk
dt
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NJEGdZQ9M9:3M Çzt8QHM�cHcHEGI/D&EGD¦FUAZ�SQUPSNGM�K8MZc�M�Çzi�dZc�K8MONVPvNJI/D3�/MZp8Q�K3pXÀ9ISp8QZ?
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Ã�t8Q9I/t8QHM�e#M�D¦Fvt{PSQ9NJMZQ\NJMf�/MZi�FUM�p8QvK8M�Q9ISFTPnFHEJI/D�D�¨sMZc9FXt{PScXK8A�FUM�QHefEJD8A�K3EJQHM�i�FHMZefMZD¦FXt{PnQXNJM�c
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FUQ9EJo*p8M�c�:�efMZc9p8QHMvK8MXFHMZeft8c¾tuI/p8Q�NGMZc�FUM�iT�8D8EGo�p3MZcO�/AZI�K8A�cHEJo*p8M�c�:�c9I/D¦F¾ghI/D8i�FHEJI/D0K3MvN½¨sI/QHEGMZD¦FTPnFHEJI/D
K8p�QHA�cHM|Pnp�K8M�c�cmFTPnFHEJI/D3c�K�¨lI��8cHM�Q9�nPnFUEGI/DÊt{PSQ�QUPnt8t�ISQ9F�PSpÊQHM�t�d�QHMOK8MOQHA�ghAZQ9MZD8i�M\i�AZNJM�c9FHMS?

¢�NVPSc9cHEGo�p3MZefMZD¦FO:uN½¨sI/QHEGMZD¦FTP<FUEJISDLK�¨lp3D�QHM�t�d�QHMÁefI �8EGNJM�M�c9FBQHMZt3QHAZc9MZD¦FUAÁt{PSQ�NJM]t8QHI�K8p8E´F�K3M]FHQHI/EGc
QHInFTPnFHEJI/D8c:c9p8iZi�MZc9cHEG�SMZc&:zFUM�NJNGM�o�p3M�iT�{PniZp8D8M�K�¨sMZNJNGMZc±cZ¨sM�¸�MZi�FUp8MBPSp3FHI/p8Q±K�¨sp8D�P<ÇzM�K8p#QHMZtudZQ9M9:¦FUQHPSD8c�©
ghI/Q9e#A#I/p D8I/D�:.D8MLiZIjt+D8i�EJK{PSD¦FÁt{PScRP|�/M�iLiZMZNGp8E�K3MLNVP&Q9ISFTPnFHEJI/D�t8QHA�iZA�K8MZD¦FUMj:±cHE�M�NJNGM«M�ÇzEGc9FUMn?:~$P
cHp3iZiZM�cHc9EJI/D�K8MOiZMZc�QHInFTPnFHEJI/D8c�MZc9F�c9iT�8AZe#PnFUEGcHA�M\t{PnQ�NVPvcHA�o�p3MZD8i�M �

(Xi)
Rl(αl)−→ (x

(1)
i )

Rm(αm)−→ (x
(2)
i )

Rn(αn)−→ (xi)I �
Rl(αl)

:zt{PnQ®M Ç3M�e#t3NJM9:�K8A�cHEJ�SD8MBp8D3M�QHISFUPnFUEGI/DfK�¨`PnD8�/NJM
αl
Pnp3FUI/p3Q®K8MBN½¨sp8D«K8M�c�FUQ9I/EJc­P<ÇzM

xi
:zM�F

m 6= l
:
n 6= m

?
¢�M�F9FUMXc9AZo*p8MZD3iZM9:�D8ISFUA�M

(lmn)
tuMZp3Fo<�FHQHMÁQ9A|PSNGEJc9AZM]K8M x(_vg6P��ZISD8cBK8E´¸�A�QHM�D*FHMZc�?�~$P#t8NGp8cBpzFUEJNGE´©

cHA�M#M�c9F �¹k�x�k���?��±NGNJMvi�I/QHQ9MZcHtuI/D8K�PSpzÇ x9PH�9XYES= G � �[�{XYE1IBiZNVPncHcHEGo*p8MZc
α3 = ψ

:
α1 = θ

M�F
α3 = Φ

?
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~:¨`PnD8�/NJM
ψ
MZcmFfPSt8tuMZNJA�PSD8�/NGM�K8MÊt8QHA�iZM�cHcHEGI/D��@:

θ
PnD8�/NJM«K8MLD*p3FTPnFHEJI/D��fM�F

φ
PSD8�SNJM�K8MLQ9ISFTP<FUEJISD

t8Q9I/t8QHMn?�~:¨lPSD8�/NGM
θ ̂(OX3, Ox3)

MZc9FBI/QHEGMZD¦FUA\t{PSQ�NJM\�SMZi�FUMZp3Q
~x

(1)
1

?�¢�M�FHFUMÁcHAZo*p8M�D8iZMRt{PnQ9F�K�¨lI/Q9K8E´©
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Φ
�nPSQ9EJMXM�D*��EGQHI/D K8Mfk/�/¥

◦
M�D�_n^

�8M�p8QHM�c�� x�r¾e#PSc±t{PSQ±efc � ?¦»¼N;g6Pnp8K8QUPnEGF±NJM�c±K8I/D8D8M�Q­P��SMZi�p8D«t{Pnc±FHMZeft�ISQHMZN{K3MB¥\: x�e#c±cHE;N¹¨lI/DRK8A�cHE�©
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K8M�i�M�FRP(Ç3Mn?�~$P&t{PnQ9FUEGM#D3I/Dz©¼efI�K8AZNGEJcHA�M#K3MZcvPSD3�/NJM�c

Ψ
M�F
θ
MZcmFvcHi�EJD8K3AZM�M�D K8MZpzÇ!t{PSQmFUEGMZc � �6E �

p8D8M]iZISQHQHM�i�FHEJI/D�cHp8Q�NVPRt8Q9AZiZM�cHc9EJI/Dz©+D*p3FTPnFHEJI/DR:{iS¨sMZc9Fm© Z<©+K8EJQ9MOcHp8Q�NVPvtuI/cHE´FUEJISD�c9t{PnFHEVPSNGM¾K8p0¢�»�� �hEJE �
p8DÊFUM�QHefM]A��/I/NGp{PSD¦FBP��SMZi\K8MZc�ghQHA�o�p3MZD8i�MZcBEGD3ghAZQ9EJM�p8QHM�c ZRK8M�pzÇXÀ9I/p8Q9c�:uPScHc9Izi�EJA�M\PnpzÇÊ�{p8i�FUp{PnFHEJI/D3c
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n?�¢�M]K8M�QHD8EGMZQ�FUMZQ9e#MOD�¨sMZcmFBt8PSc�i�IzISQHK8I/D3D8A
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e#PnFUQ9EJiZMRK8MfQHInFTPnFHEJI/D²K8EJp3QHD8Mn?.@BPSD8cÁi�M«Q9MZtudZQHMj:.N¹¨lA�i|PSQmFÁM�D¦FUQHM#NJM#¢�»��
M�FÁN½¨lP<ÇzM�v�
#A��/I/NGp8MfNJMZD�©
FUM�e#M�D¦F|?�É�I/p8c¾PSNGNJI/D3cBK8I/D3ivK8EJcmFUEJD3�/p8MZQBk«F¼b�t�M�c]K3MXt{PSQHPSe#d�FUQ9MZc�K�¨sI/Q9EJMZD¦FUPnFUEGI/D � �hE ��K3MZc¾AZiZPSQ9FHc
iZA�NJM�c9FUM#t�ISp8Q\NJPLt�I/c9EGFHEJI/D K8p[¢�»��/: �hEJE �Bp8D8MfiZI/Q9QHMZi�FUEGI/D!Q9MZD8K{PnD*FÁiZI/eft3FHMfK3MZcÁEGQHQ9AZ�/p8NJPSQHE´FUA�c¾K8M
N½¨lPSD8�SNJM­K8M�QHInFTPnFHEJI/D �hEJEGE ��NJM�c�iZI�I/Q9K8I/D8D8A�MZc�FHMZQHQ9MZcmFUQHM�c:K8pf¢�»��.:/PSEJD8c9E3o*p8M�i�MZNJP�MZc9F�K8AZi�QHEGF�iZE´©¼PSt8Q9dZcZ?
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◦
���3,

◦
x��{=6 ���'�-/28%��(��2{��1��u=6 X-/'z=h ����� +3 W.I/pzF�K�¨lP��uI/QHK]K8MZp�Ç

tuM�FUE´FUc]PSD8�SNJMZc&: �
dX, dY

�BEJDzghAZQHEGMZp8Q9c�Z�NJPÊefEJNGNJEGcHMZi�I/D8K8M\K8MRK8MZ�SQHA9:YPSt3t�M�NJAZcONGMZcop�A�i|PSQmFUc]PSp²t�¿/NGM
iZA�NJM�c9FUMj:�i�I/eft�M�D8cHM�D*FBNJM�cBK8A�g6PSp3FUc�K8p�efI�K8dZNGM]K3MÁt8Q9AZiZM�cHc9EJI/Dz©+D*p3FTPnFHEJI/D � ZfN½¨s�8MZp8Q9M\i�MZNGp8EYPSK8I/t3FHA
t{PSQ�N¹¨ ; ÃB»�M�D�_n¥/¥/¥���K8M]N½¨lP<ÇzMOK8M¾C{�/p8Q9M\K3M]NJPvW.M�QHQHMn?�¢�MZNJp3E´©¼i�E$Pvt�I/p3Q�i�IzISQHK8I/D3D8AZM]AZo*p{PnFHI/QHEJPSNJM
iZA�NJM�c9FUM

X = Xmod + dX, Y = Ymod + dY
?��·PnQ�i�I/D¦�/MZD¦FHEJI/D�:�EJNGc�i�I/D¦FUEGMZD8D8M�D¦F¾K8MZc�I/cHi�EJNGNVPnFHEJI/D8c

K8I/D¦F�NJM�c�t�A�QHEGIzK8M�c�cHI/D¦F�cHp8tuAZQ9EJM�p8QHM�c ZRK8M�pzÇÁÀ9I/p8Q9cZ?
� 28%(2{���*�|%< ���"±��5;%n4h �,���23��465u,Ê,

◦
�����	�«�S7
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cHISD0cHMZD3c�:�t3p8EJc9o�p3MXiS¨sMZcmFOPSp3FHI/p8QBK3MXN½¨lP<ÇzMÁK8p0¢�»��µo*p8MXN¹¨lISD�iZI/eft3FHMÁNVPRQHInFTPnFHEJI/D�K8EJp8Q9D8MÁM�F�c9MZc
�{p8i�FUp{P<FUEJISD8cZ?3¢�I/efe#M�D8I/p3c�N½¨lP|�/I/D3c�efMZD¦FUEGI/D8D8A�t8NJp3c��{PSpzFO:*NJMB¢�»�� D�¨lM�c9F�t8PSc�N¹¨`P<ÇzM�K8MBQ9ISFTP<FUEJISD
EJD3c9FTPnD*FUPSD8D8A�e#PSEJc·I/DRt�M�p3F­e#I/D¦FHQHMZQ±o*p�¨sEJN8M�D#i�I/D8cmFUEGFHp8M�p8Dfe#I�b/M�D8D8M�K8EGp8QHD8M�o*p8E{D8M�c�¨lM�D«AZiZPSQ9FHM
t{PSc]t8NGp8c\K3M#t8NGp8c]K8M�_n¥�efEJNJNGEJc9MZiZISD8K8MZcBK8M«K8M��/QHAn?Y~$MRFUQ9I/EJc9EJd�e#Mvt{PnQUPSefd�FHQHMRK�¨sI/QHEGMZD¦FTPnFHEJI/D²MZcmF
PSc9cHI�iZEJAXPSpzÇ&EJQHQ9AZ�/p3NVPSQ9EGFUA�c�K3MvN½¨lPSD8�/NGM\K8MÁQHISFUPnFUEGI/D�K8MXNJP«WYMZQHQ9M

θ
PSp3FHI/p8Q�K3p²¢�»��.?$¢�M�NJp8E�©¼iZEYMZcmF

iZISD8c9FHEGFUp3AXK�¨sp8D8Mvt{PSQmFUEGM\�nPSQHEJPSD¦F�NGEJD8AZPSEJQ9MZefMZD¦F�P|�SMZivNJM]FUM�e#t8c�PnFUI/efEJo*p8M\W.Ã�»S:�M�F¾K�¨sp8D8Mvt{PSQmFUEGM
EJQ9QHA��/p8NJEGdZQ9M9:

δθ
�

θ = θ0 + ΩTAI + δθ
�½_z?l���

I �
θ0
MZc9Ffp8D3M�i�I/D8cmFTPSD¦FUMj:

Ω
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PSefAZQ9EJi|PnEJD8MRt8Q9AZK8I/efEJD3MS?·azMZcXi�I/D8i�p8QHM�D*FHcvcHI/D¦FvNGM�vO~ 	¾É�Ã¾a3a�QHp8c9cHMj:�M�FvNGM#cmb�c9FUd�e#MLM�p8QHISt�A�MZD
v¾Ã�~�»�~$� 	 :8M�DÊK8A��SMZNJISt8t�M�e#M�D¦FO:8K8ISD*F�NGM�t8Q9MZefEJMZQ®cUPnFHMZNGNJEGFHM�PXA�FUA¾MZD¦�SI(bSAÁNGMO_SwXK8A�iZMZe �8QHM]_S¥S¥¦r
K8M�t8p8EJc�NJP �{PScHM]K8M ��PSE �SI/D3I/p8Q�M�F�K3I/D¦F�NJPvt8�{PSc9M]ISt�A�QUPnFHEJI/D8D3MZNJNGMBK8A �8p3FHMZQUPfMZD&_S¥/¥/wz?

� 5u�!1.23%<284¹�Z5u,�"$ ����� �-nÆY,.46���$ �� 3 ~$P�FUMZiT�3D8EJo*p8M�¬¾~ ��».MZc9F®iZM�Q9FUPSEJD8M�e#M�D¦F®NJP�t8NJp3c­i�I/eft8NJd�FUM9:
e#PSEJc]t8NJp3cXNJI/p3QHK8M#M�FvNJP�t8NGp8cXiZI973FUM�p8cHMJZ&efM�F9FUQ9M�MZD I�MZp3��Q9MS?:¢B¨sMZcmFRNVP&c9MZp8NGM�o*p8E�tuMZQ9e#M�FHFHMZD¦F
K8MOK8A�FUMZQ9e#EGD8MZQ�c9p8Q�t8NJp3cHEJM�p8QHc.À9ISp8QHc�NJM�c��nPSQHEJPnFUEGI/D8c�K8M¾N¹¨lISQHEJM�D¦FTPnFHEJI/D�K3M]NJPvW.M�QHQHMOK{PnD8c�N½¨sMZcHt8PSiZMj:
ZÊcUP|�/I/EGQ\NJP�t3QHAZi�MZc9cHEJISDz©¼D*p3FUPnFUEGI/D�M�F ; W�x/?Y~$P�QHPSEJc9I/D�M�D!M�c9FXo*p8MfNJM�c\efMZc9p8QHM�c\¬�~ �®»BcHISD*FÁK8E´©
QHM�i�FHMZefMZD¦F�QUPnF9FTPSiT�3AZc�PSpLQHM�t�d�QHMOiZA�NJM�c9FUMj:8t{PSQmg6PSEGFHMZefMZD¦F�cmFTP��3NJMS?8~$M�c�FUM�iT�8D8EJo*p8M�c�cUPnFHMZNJNGEGFUPSEJQ9MZc­D8M
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MZcmF�K3I/D8i��8I/QHc­K8M�o*p8MZcmFUEGI/D«o*p8M�NJM�c®cHPnFUM�NJNJE´FUM�c�ghI/p8QHD3EJcHc9MZD¦F®K8MZco]�tuI/EJD¦FUc±K�¨sMZD3iZQUPn�/M�i�AZNGMZc9FHM^]�t�I/p3Q
K8M�c�K8p8QHA�MZc�K8A�t{PScHcHPSD¦F�NVPÁc9MZe#PSEJD3MS?3Ã p8DLe#ISe#M�D*F�I/pJZXp8D�PSp3FHQHMj:3N½¨sI/Q �8EGFHM�K8ISEGF�M�FUQ9M¾QHA|P�À9p8c9FHAZM
MZD�ghI/D8i�FHEJI/D²K8M�cXI �8c9MZQ9�nPnFHEJI/D3cZ?$Ã i�I/D¦FUQHPSQHEGI :$cHE­NJMZcOFUM�iT�8D8EGo�p3MZcXcHPnFUM�NJNJE´FTPSEGQHM�c¾cHI/D¦F\EJeft8QHI/Q9MZc'Z
K8I/D3D8MZQRNVP�t8QHA�iZMZc9cHEGI/Dz©¼D*p3FUPnFUEGI/D[M�F ; W�x�tuI/p8QXK3MZcRK8p8Q9AZMZcfcHp3t�A�QHEJM�p8QHM�c Z�ÂRÀ9ISp8QHc&::MZNJNGMZcXc9I/D¦F
FUQ9dZc�M1sfi|PSi�MZcOt�ISp8QBK8A�FUM�QHefEJD8M�QBNJM�c�iZI�I/Q9K8I/D8D8A�MZc�K3p0t�¿/NGMÁM�F�K8MXNJP«NJISD8�/MZp3QBK8p#À9I/p3QZ?��±D0M�¸�M�F
NJMLefI/p3�SMZefMZD¦FfK8p t�¿/NGM9:�K8PSD8cRNJMLQ9MZtudZQHMÊEGD*FHMZQmFUEJM�Nq:·PSt8t{PSQHP0/JFRi�I/efe#M�p3D8MÊI/cHi�EJNJNJPnFUEGI/D�K8EGp8QHD3M
K{PSD3c�NJM�cHM�D8c�FHQHEJ�SI/D8I/efA�FHQHEJo*p8M�K8M�N½¨lP<ÇzM�K3MZc�tu¿/NJM��/A�I/�/QHPSt8�8EGo�p3MS?3¢B¨lM�c9F�tuI/p8Q9o*p8I/EucUPÁefMZc9p8QHM�D8M
QHM�o*p8EJM�Q9F�t{PSc�NVPXcmFTP��3EJNJE´FUA�K8p�Q9MZtudZQ9M\EGD8MZQmFUEJM�N�c9p8Q�t8NJp8c9EJM�p8QHc·À9I/p8Q9cZ?

`W��� � )i*&,0"$ &%'�Jc kl ��!�fe ,0"$ �&-(!)fc
azE8NGMZc�i�I/e#tuI/cHPSD¦FUMZc:K3pX�/MZi�FUM�p8Q±EJD8cmFTPSD¦FTPnD8A�K8M�Q9ISFTPnFHEJI/DÁK{PSD8c:NGM�QHM�t�d�QHM�i�AZNJM�c9FHM�I/pXFUM�QHQHM�c9FHQHM

D8M¾ghI/D¦F�t{PSc�N¹¨lI �*À9M�F�K8MOK8A�FUMZQ9e#EGD{PnFHEJI/D8c�QHI/p3FHEJD8d�QHM�c�:8M�NJNJM�c�e#A�QHE´FUMZD¦F�p8D3M\P<FHFUM�D¦FUEJISDLt{PSQ9FHEJi�p8NJEGdZQHM
NJISQHcHo*p�¨sI/D�cZ¨lPnFHFUPSiT�8M'Zfp3D8M\K3MZcHi�QHEGt3FUEGI/D�FH�8AZISQHEJo*p8M]K8MONVPvQ9ISFTPnFHEJI/DLFHMZQHQ9MZcmFUQHMn?�¢B¨lM�c9F�tuI/p8Q9o*p8I/E�EJN
MZcmFvEJeftuI/Q9FUPSD¦F\K�¨lA�FTP��8NGEJQOK8M�cXQHM�NVPnFHEJI/D8c]MZD¦FHQHM�NGMZc]t{PSQUPne#d�FUQHM�cÁK�¨sI/Q9EJMZD¦FUPnFUEGI/D �6PSD8�/NGMZc]K�¨`�:p8NGMZQ&:
AZNGAZefMZD¦F�K8MONVPve#PnFUQ9EJi�M�K�¨sI/QHEGMZD¦FTPnFHEJI/DR:3M�FHiS?´? ��M�F�NGM��/M�i�FUM�p8Q�EJD8cmFTPSD¦FTPnD8AOK8MOQHISFUPnFUEGI/D�?

~�M#�/M�i�FHMZp8QXEGD8c9FUPSD¦FTPSD3A#K8M#QHISFUPnFUEGI/D
~ω
K8p�a3�·W t{PnQ\QHPSt8tuI/Q9F\PSp�a3��¢ºcZ¨sM�Çzt8Q9EJefM#K8PSD8cÁNGM

a3�·W cHISp8c¾NVP#ghISQHefMXp8cHp3MZNJNGM
~ω = Ω(m1~x1 + m2~x2 + (1 + m3)~x3)

:
Ω
A�FUPSD¦FONVP«��EGFHMZc9cHMvK8MvQ9In©

FTP<FUEJISDXK8M�QHA�ghAZQ9MZD8i�M�K3M�NVPBWYMZQ9QHM��±M�F:N¹¨lI/DvEGD¦FUQHI�K8p8E´F:PSNGI/QHc.NVPB�nPSQ9EVP��8NGM®i�I/eft8NJM Ç3M
m = m1 + im2

?

~ω
M�c9FvNJP�QHA�cHp8N´FTPSD¦FHM«K8M�cXQHISFUPnFUEGI/D8cOEJD3c9FTPnD*FUPSD8A�MZcvPSpzFUI/p8Q]K8M�iT�8PSiZp8D K3MZcÁFHQHI/EGcÁP<ÇzM�cÁK8M�NJP

cHA�o*p8MZD8i�M
(lmn)

:{in¨lM�c9FoZvK8EJQ9M7�

~ω = α̇l
~Xl + α̇m~x

(1)
m + α̇n~x

(2)
n

�½_�? x(_��
�:D�M Ç3t3QHEJe#PSD¦F�NJM�c�iZI/eftuI/cUPSD¦FHMZc�K8M

~ω
K{PSD8c�NGM]a3�·W M�D�ghISD8i�FHEJI/DLK8M�c�PSD8�/NGMZc

αl
:
αm

M�F
αn
:

�HG��5# 
 �����2��
%� D  	��
�
I� �O�-�����$�-� K�M9� HOM�K�M�J�J�
�J�� ��N3H�E�N�� ���6� ��� �	���9�

x�w



I/D²I �3FHEJMZD¦FOK8M�cOQHMZNJPnFUEGI/D8c¾i�EJD8A�e«PnFHEJo*p8M�c¾iZI/e �3EJD{PSD¦F¾NGMZcOiZISe#tuI/cUPnD*FHMZcOK8p �/M�i�FUM�p8Q]EJD8cmFTPSD¦FTPnD8A
K8MOQHInFTPnFHEJI/DLK{PnD8c�NJM]a3�·W0:{NGMZc�PSD3�/NJM�c�K�¨lISQHEJM�D¦FTPnFHEJI/DLK8p&a3�·W M�F�NJM�p8Q�K8A�QHEG�SAZM¾FUM�e#tuI/Q9MZNJNGMS?

�.I/p3Q�NJPRc9AZo*p8M�D8iZMXM�p8NJA�QHEGMZD8D8M]iZNJPScHc9EJo*p8M �¹k�x�k��1:{D3I/p8c�I �3FUM�D8I/D8c�NJM�c�QHMZNJPnFUEGI/D8c�i�EJD8A�e«PnFHEJo*p8M�c
K8E´FUMZc�K�¨l�:p8NJM�Q �

θ̇ + iΨ̇ sin θ = ΩmeiΦ

Φ̇ − Ψ̇ cos θ = Ω(1 +m3)

�½_�? x�k �
�:D#M Çzt8QHEGe«PSD¦F±NGMZc±iZI/eftuI/cUPSD¦FHMZc±K8M

ω
K8PSD8c±NJM�a3��¢�D8I/p8c±I �zFUMZD3I/D8c±NJM�c­Q9MZNJPnFUEGI/D8c�i�EJD8A�e«PnFHEJo*p8M�c

QHM�NJEJPSD¦F�NJM�c�i�I/eft�I/cHPSD¦FUM�c�i�AZNGMZc9FHMZc�K8pÊ�/M�i�FUM�p8QBEGD8c9FUPSD¦FTPSD3A¾K8MOQHISFUPnFUEGI/DLM�F�NJM�c�PSD8�/NGMZc�K�¨l�:p8NJM�Q �

ωX + iωY = θ̇eiΨ + iΦ̇ sin θ eiΨ �½_�? x|^��
ωZ = Ψ̇ + Φ̇ cos θ

�¹_z? x(r �

x��
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�.I/p3Q·AZi�QHEGQHM±NJM�c.A�o�p8PnFUEGI/D8cYD8M�£�FHI/D8EJM�D8D8M�c·K8M­NVP�QHISFUPnFUEGI/D¾FUM�QHQHM�c9FHQHM9:<N½¨s�¦b�t�ISFH�8dZc9M�c9p8Q.N¹¨lISQHEJ�SEJD8M
K8p�QHM�t�d�QHMOEJD8M�Q9FHEJMZN�D�¨lEGD¦FUMZQm��EJMZD¦F�t{PSc�?;�:D�M�¸�M�F�NGMZc�A�o�p8PnFUEGI/D8c�K8M]É�M�£�FUI/D�t�M�QHefM�F9FUMZD¦F�K�¨sI/tuAZQHM�Q
p8D�K3AZiZISp8t8NVPn�/MÁi�I/e#t3NJM�F�M�D*FHQHMXNGM\efI/p3�SMZefMZD¦F�ISQ �8E´FTPSN�K8M\NVPfW.M�QHQHM\M�FBcHI/D�efI/p3�SMZefMZD¦F�K3MÁQHI<©
FTP<FUEJISDÊPSp3FUISp8Q�K8MOcHI/D�iZM�D¦FUQHM]K8MOe#PScHc9M9:{iZISe#efM¾D8I/p8c�PSNGNJI/D3c�NJM¾QHPSt8tuMZNJM�Q�iZE�©¼K8M�cHcHISp8c �

¢�I/D8c9EJK8A�QHI/D8c�NJP\Q9MZNVP<FUEJISD#ghI/D8K8PSe#M�D¦FTPSNGMBK8M�NJP\K3b�D{Pne#EGo�p3M9:3M Çzt8QHEGe#A�M�K{PSD8c�p8DLQHM�t�d�QHM�EGD8MZQ�©
FUEGMZN�K3I/D¦F�N¹¨lISQHEJ�SEJD8M�D�¨lM�c9F�t{PSc�c9t�A�iZEGC8AZM-�

dm
d2 ~R

dt2
= d~F

�6k3? x �
I � ~R

tuI/c9EGFUEGI/D8D8MOp8D3MXe«PncHcHM\AZNGAZefMZD¦FTPSEGQHM
dm

K8MÁNJP#WYMZQ9QHMXK{PnD8cBp8D0Q9MZtudZQ9MÁEJD3MZQ9FHEJM�Nq:{D8I/D&cHtuA�©
iZE´C{A9:{M�F

d~F
MZcmF�NJPvcHI/efe#MBK8MZc�ghI/QHi�MZc�PSt8t3NJEJo*p8A�MZc�cHp3Q

dm
?

~�M�FUM�e#t8c·MZDRe#A�i|PSD3EJo*p8M�K3M�D8M�£�FHI/DvMZcmF±cHp8t8tuI/c9A�cZ¨sAZiZISp8NJM�Q�K8M�NJPBen<�e#M­g6P��ZISDvMZDXFUISp3F�NGEJMZp0r
EJN¦M�c9F.K8I/D8i­tuI/cHc9E �8NGM:K8M®i�IzISQHK8I/D3D8MZQYN½¨sMZD8c9MZe �3NJM±K8MZcYefMZcHp3QHMZc.K8M±K8p8Q9AZM�t8PSQ$p8DÁc9MZp8N*t{PSQHPSefd�FUQ9M

t
?

azI/E´F ~R0
NJM�QUP|b/I/D#�/MZi�FUM�p8Q�K8p��SAZI�iZMZD¦FHQHM��hNJM�iZMZD¦FHQHMBK3MZc�e#PScHc9MZc®K8MBNJP]WYMZQ9QHM �­K{PSD8c®NJM�QHMZtudZQ9M

EJD3MZQ9FHEJM�N�iZI/D3cHEJK3AZQHAOM�F
~r
NVPXtuI/cHE´FUEGI/DLK8M

dm
:8QUPnt8t�ISQ9FUA�M]PSpÊQHMZtudZQ9M\�SAZI�iZMZD¦FHQHEJo*p8Mn?;É�I/p3c�P|�SI/D8c �

dm
d2 ~R0

dt2
+ dm

d2~r

dt2
= d~F

�6k3?ª_��
�:D0EJD¦FUA��/QUPnD*FBiZM�FHFUMÁQHMZNJPnFUEGI/D&c9p8Q�N¹¨lM�D8cHM�e �8NJM\K8MXNJP#e#PnFUEGdZQHMOFUM�QHQ9MZc9FHQHMj:�I/D�K8A�e#ISD*FHQHMvPnEJcHA�e#M�D¦F
NJM�FH�8AZISQHdZefMOK8pÊiZM�D*FHQHM]K8MOe«PncHcHMj:{iS¨sMZcmF9© Z(©¼K8EGQHM7�

M
d2 ~R0

dt2
= ~F ext �6k3?`k �

_S¥



I � ~F ext M�c9FXNJP�Q9AZc9p8NGFUPSD¦FUMfK8MZc]ghI/QHi�MZc]M�Ç�FUA�QHEJM�p8QHM�cÁc�¨lM Ç3M�Q��ZPSD¦FvcHp8Q\NVPÊW.M�QHQ9M9:$QHA�K8p8EGFHMZc\t8QHM�cHo*p8MM�ÇzNGp8cHE´�/MZefMZD¦F ZRNVPX�/QHP���E´FTPnFHEJI/D�NGp8D8E�©¼cHISNVPSEGQHMS?
»¼N�MZD�QHA�cHp8N´FUMOo*p8M �

dm
d2~r

dt2
= d~F − dm

M
~F ext �6k3?l^��

¢�M�F9FUMLAZo*p{P<FUEJISD i|PSQHPSi�FHAZQHEGcHMLNGM«efI/p3�/M�e#M�D¦FRK8M�N½¨sAZNGAZefMZD¦FXK3MLe«PSc9cHM
dm

K{PSD3cXp8D[QHM�t�d�QHM
�/A�Izi�MZD¦FUQ9EJo*p8MvK8I/D¦F¾NGMZc¾P(Ç3M�c¾�¦PSQ9K8MZD¦F¾p8D3MvI/QHEGMZD¦FTPnFHEJI/D�C3ÇzMvK{PSD8c¾p3D0QHMZtudZQ9MvEJD8M�Q9FHEJMZN.Z#ghI/QmFUEGI/QHE
EJD3K8A�C{D3E½?�¢�M²QHMZtudZQ9M �8PSQ9b�iZM�D¦FUQHEGo*p8M�t3QHI/t8Q9M�ISp Q9MZtudZQHM²�/A�Izi�MZD¦FUQ9EJo*p8M²K3b�D{PSefEJo*p8MZefMZD¦F�D8I/D�©
FUISp8QHD{PnD*F�:*K8p#tuI/EGD*F­K8M���p8M�D8M�£�FHI/D8EJM�D�:*D�¨sMZc9F�t{PSc­EJD8M�Q9FHEJMZN¹?`É�I/p8c��SI(bSI/D8c®o�p3M�NGM�efI/p3�SMZefMZD¦F®K8M
N½¨sAZNGAZefMZD¦F�K8M]e#PScHc9M¾MZc9F�iZISD8K8EGFHEJI/D3D8A�t{PSQ�NJPoMO��ISQSE�GHE�D x9ISKSE ~F K3I/D8D8A�M\t{PnQ �

~F = d~F − dm

M
~F ext �6k3?ªr��

~�M#Q9MZtudZQ9M#�/A�Izi�MZD¦FUQ9EJo*p8MfK3b�D{PSefEJo*p8M�e#M�D*F\D8I/D�©+FUISp8QHD{PnD*F]tuMZp3F'<�FHQHM#PScHc9EJefEJNGAoMO��I#DFE1X XYE1DFE1P~A Z
p8D Q9MZtudZQHM«EJD8M�Q9FUEGMZN­D8M�£�FHI/D8EGMZD Z&i�I/D8K8E´FUEJISD!K8MLi�I/D8cHEGK8AZQ9MZQXNJP�ghI/Q9iZM�K3M�e«PnQHAZMj:.o*p8MLD3I/p8cXI ��©
FUM�D8I/D8cvM�D[QHM�FHEJQHPSD¦FWZ�NVP�ghISQHiZM#FUISFUPSNJM#cZ¨sM�ÇzMZQ �|PSD¦F#cHp8QvN¹¨lA�NJAZefMZD¦F

dm
:
d~F
:.NJM«FHMZQHefM dm

M
~F ext

:
iS¨sMZcmF Z&K8EGQHM9:·PSp�i�IzM1s#i�EJM�D*F

dm
t3QHdZc&:�N½¨lPSi�iZAZNGAZQHPnFUEGI/D!K8p �SAZI�iZMZD¦FHQHMLK{PSD3cXp8D QHM�t�d�QHM�EGD8MZQmFUEGMZN½?

~$P²ghI/Q9iZM�K�¨sEJD¦FUM�QUPSi�FUEJISD��/QHP|�zE´FTPnFHEJI/D3D8MZNGNJM�M�D*FHQHM�NVP0W.M�QHQ9M&M�F#NJM�c#i�I/QHt3c«iZA�NJM�c9FUM�c«D8M�t�M�p3Fn<�FUQ9M
efMZcHp3QHAZMj:{PSNGI/QHc®o�p3M]NGMZc�ghISQHiZM�c�K8M�e#PSQHA�MZc �hI/pLNJM�p8Q�EGD3�{p8M�D8iZM¾c9p8Q�N½¨lPSiZi�AZNGAZQUP<FUEJISD�K8M�tuMZcHPSD¦FUMZp3Q �
cHISD*F�K8A�FUM�i�FTP �8NJM�c�t{PnQ�NJMZc��SQUP|��EJefd�FUQ9MZc�?;�±NGNJM�c�cHM�p8NJM�c�t8Q9AZc9MZD¦FUM�D*FBp8D8MOQHAZPSNJE´FUA�c9MZD8c9E �8NGMS?

ÃBEGD8cHE­FUI/p8c\NJM�cXK8A��SMZNGI/t8tuMZefMZD¦FUcvK8M#NVP&efAZiZPSD8EGo�p3M«D8M�£�FUI/D8EGMZD8D3M�t�M�p3�/M�D¦Fn<�FUQ9MLPSt8t8NGEJo*p8A�c
K{PSD3c�i�MOQHMZtudZQ9M\tuI/p8Qm��p�o*p8MON½¨sI/DÊD�¨ bLiZISD8cHEGK8dZQ9M]o*p8M]NJM�c�ghI/QHi�MZc�K8MOe#PSQHA�M ~F ?

@�PSD8c�NJM]i|PSK3QHMÁK3M\NJPfefAZiZPSD8EJo*p8M]D8M�£�FUI/D8EGMZD8D3M9:uI/D&tuMZp3FBK8I/D8i]MZD¦��EJcHPS�/M�QBK8M�pzÇ�K8AZe#PSQHiT�3MZc
tuI/p8Q®FHQUPSE´FUM�Q�NJM�t8QHI��8NJd�e#M�K8M�NVP\QHISFUPnFUEGI/D«K�¨sp8DLi�I/QHt8c�?{~$PÁt8NGp8c�iZISe#eXp3D8MBi�I/D8cHEGc9FHM ZXPSt8t8NGEJo*p8M�Q
NJM�FU�3AZI/Q9dZefM�K8p«e#I/efMZD¦F®iZEGD8A�FHEJo*p8M�PSp�iZISQHt8c®iZI/D8c9EJK8A�QHA�K{PSD8c®NJM�QHMZtudZQ9M �{PnQ9b�iZM�D*FHQHEGo�p3M�t8QHISt8QHMn?
~$PXcHM�iZI/D8K3M¾e#A�FU�8I�K8M�M�c9F�ghI/D3K8AZM¾c9p8Q�N½¨lPSt8t3NJEJiZPnFUEGI/DfK8EJQ9MZi�FHM�K8M�NJPÁQHM�NVPnFHEJI/DfghI/D8K{Pne#M�D*FUPSNJM�K8M¾NJP
K3b�D{PSefEJo*p8M ZXN¹¨lM�D8cHM�e �8NGM¾K8MZc�A�NJAZefMZD¦FHc�K8M��/I/NGp8efM¾o�p3E�iZI/eftuI/cHM�D*F�NGM�iZISQHt8c�M�F�MZD�EJD¦FUM�QUPSi�FUEJISD
eXp3FHp8MZNGNJM r8PSt8QHd�c�EJD¦FUA��/QUPnFHEJI/DLK3M\i�MZc�AZo*p{PnFHEJI/D8c�K3EG¸�AZQHM�D¦FUEJM�NJNGMZc�I/p�K�¨sp8DvÀ9M�p�Q9AZK8p3EGF�I �3FHMZD*p8cBPSp
efI(bSMZDÊK�¨lPSt8t8Q9I|Ç3EGe«P<FUEJISD8c�:*I/DÊI �3FHEJM�D*F�NJMBiT�8PSe#tLK3MZc�K8AZt3NVPSi�MZefMZD¦FUc�K3M¾iZMZc�A�NJAZefMZD¦FHc�:3K3I/D¦F�I/D
M�Ç�FHEJQHtuM­PSNJISQHc�NVP�t8PSQ9FHEJM±PSc9cHI�iZEJA�M­PSp\efI/p3�SMZefMZD¦FYK8M±QHISFUPnFUEGI/D�?|»¼N/�nP�cUPnD8c.K3EJQHM:o*p8M­iZM�FHFHM®efA�FH�8IzK3M
MZcmF�M Ç�FUQ�<�e#M�e#M�D¦F�i�I/e#t3NJM�ÇzM Z]efM�F9FUQ9M�M�D«I�MZp3��Q9M�M�F�o*p�¨sI/D«NGp8E{t8Q9A�ghdZQ9MBNJPOt3QHMZefEJd�QHMj:¦t8p8EJc9o*p�¨lM�NJNGM
cZ¨lPnF9FTPSiT�8MLK�¨lM�e �8NJA�MLK8M]À9M�p
Z�K3MZcvo*p{PSD¦FUE´FUA�cv�/NJI �8PSNJM�c�:YiZI/efe#M#NJM�cXe#ISe#M�D*FHcXK�¨sEJD8M�Q9FHEJM9:YM�FRc9M
ghI/Q9eXp8NJMLM�D ghISD8i�FHEJI/D[K8M�c#�/QHPSD8K8M�p8QHcfQHM�iT�8MZQ9iT�8AZM�c�:®iS¨sMZc9Fm© Z<©+K8EJQ9MÊNJMZcRi�I/e#tuI/cHPSD¦FUMZcRK8p �/M�i�FUM�p8Q
EJD3c9FTPnD*FUPSD8AOK8MOQHInFTPnFHEJI/D�?

É�I/p3cOPSNJNGI/D8c�K8I/D8iXK3A��/M�NJI/t3t�M�Q¾NVPfFH�8AZISQHEJMÁK8MXNVP#QHISFUPnFUEGI/D�FHMZQHQ9MZcmFUQHMvM�D0D8I/p8c �{PScUPnD*FOc9p8Q�NGM
FU�3AZI/Q9dZefM]K3p�efI/efMZD¦F�iZEGD8A�FHEJo*p8Mn?
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@�PSD8c�NJM¾FUQHPSEGFHMZefMZD¦F�o*p8E$cHp8E´FO:{NGM]cmb�c9FUd�e#M\e#A�i|PSD3EJo*p8MOEJD8i�NJp3F�PSp�efI/EJD8c�NJPvW.M�QHQHM\QHM�c9FUQ9MZEGD*FHM
ZÊcUP�t8PSQ9FHEJMvcHISNJEJK3M9:mZÊNVPSo*p8M�NJNGMvI/D�tuMZpzFÁc9p8QHEGe#tuI/cHM�QON½¨lPnFUefI/cHt3�8dZQ9MvM�F\NJMZcOI�iZAZPSD8cZ?.¢�M�t�M�D8K{PSD¦F
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D8I/p3c]c9I/efe#M�c¾NJE �3QHMZc¾K3MvQHM�À9M�FUM�Q\i�MZcOiZI/p3iT�8MZcO�{p8EGK8MZcOcHp3t�M�Q9C{i�EJMZNGNJM�c¾K{PSD8cOp8D²c9b�c9FHdZefM#M Ç�FUMZQ9D8M
MZD�EJD¦FUM�QUPSi�FUEGI/D P��SMZi�NVP0W.M�QHQ9M&cHISNJEJK3MS?:~�MÊFU�8A�I/QHd�e#MÊK8p�e#I/efMZD¦FRi�EJD8A�FUEJo*p8M�D8I/p3c#K8E´FRo*p8M&NJP
�nPSQHEJPnFUEGI/DXK8pRefI/efMZD¦F:iZEGD8A�FHEJo*p8M ~H K8M�NVP�WYMZQ9QHM�MZcmF­AZ�¦PSNGM�PSpRefI/e#M�D¦F ~Γ K8M�c:ghI/QHi�MZc±M�Ç�FUA�QHEGMZp8Q9MZco*p8E�NJp3E�cHI/D¦F�PSt8t3NJEJo*p8A�MZc2� �

d ~H

dt
= ~Γ

�6k3?`� �

»¼N®M�c9FÁP|�SPnD*FUPS�/M�pzÇ�K�¨lM Çzt8QHEGe#M�Q\NGMRFH�8AZISQHdZefMfK8p!efI/efMZD¦F]iZEJD3A�FUEGo*p8M#t8PSQ\QHPSt8tuI/Q9F\PSp�a3�·W
tuI/p8Q�K8MZpzÇ&QUPnEJcHISD8cZ?u@Á¨sp8D8MXt8PSQ9F�D8ISFHQHMÁtuI/EGD*F�K8M]��p8MXMZcmF�i�MZNJp3E.K8p��/AZISt8�¦bzc9EJi�EJMZDR:�PnF9FTPSiT�3A Z«NJP
iZQ9I873FHM«FUM�QHQHM�c9FHQHM9:.o*p8E�efMZc9p8QHM#K8MZcX�SQUPSD8K3MZp8Q9cvPSp�c9I/N��he«PSQ9AZMf�/QUP|��EJefA�FHQHEGo�p3M9:$t8QHM�cHc9EJI/D�:Y�/M�D*F�:
M�FHiS? ��?­@Á¨lPSp3FHQHM�t{PSQ9FfD8ISp8cfg6PnEJcHISD8cREJD¦FUM�Q9�/M�D8EJQRNJP e#PnFHQHEJi�MLK�¨sEJD8M�Q9FUEGMÊM�F#NJM��/M�i�FHMZp8Q#EJD8cmFTPSD¦FTPnD8A
K8M�Q9ISFTP<FUEJISD�o*p8Eq:YK{PSD8cvNGM«Q9MZtudZQHM�FHMZQ9QHMZcmFUQ9M9:�c9I/D¦FvcHA�t{PSQUP �8NJM�cvMZD p8D8M«iZI/eft�IScUPSD¦FUM«t8QHEGD8iZEGt{PSNJM
iZISD8D*p8MRM�FOK8M�c¾t�M�Q9FUp3Q �{PnFHEJI/D3c�o*p�¨lEGN�QHM�c9FHMWZ�K8A�FHMZQHefEJD3MZQZ?�~:¨lA�o�p8PnFUEGI/D �¹k3?l����FHQUPSD8c9iZQ9EGFUMÁK{PSD8c¾NGM
QHM�t�d�QHM¾FUM�QHQ9MZc9FHQHM]cZ¨sAZi�QHEGF �

(

d[H]

dt

)

SRT

+ [ω] ∧ [H] = [L]
�¹k3?`Â �

I��
[H]

:
[ω]
:
[L]

c9I/D¦F\NGMZcOe#PnFUQ9EJiZM�c¾iZI/NGI/D8D8M�c¾K8MZc]iZISe#tuI/cUPnD*FHMZc&:�M�Çzt8QHEGe#A�MZc]K{PSD8cONGMfa3�·W0:�K8p
efI/e#M�D¦F�iZEGD8A�FHEJo*p8Mj:�K8p0�/M�i�FHMZp8QOEJD3c9FTPnD*FUPSD8AXK3MXQHISFUPnFUEGI/D�K8p0Q9MZtudZQ9MXFUMZQ9QHM�c9FUQ9Mvt{PSQ�QHPSt8tuI/Q9F¾PSp
QHM�t�d�QHMOiZA�NJM�c9FUMj:;M�F�K8pÊe#ISe#M�D*F�K3MOghISQHiZMOQ9MZcHtuMZi�FUE´�/MZefMZD¦FZ?

~�M®efI/efMZD¦F$iZEGD8A�FHEJo*p8M±K8M­NVP�W.M�QHQ9M®Q9AZcHp3NGFUM±K8M­NVP�c9I/e#efM:K8M�c.efI/efMZD¦FUc$iZEGD8A�FHEJo*p8M�c.K8M±iT�{PniZp8D
K8M�c�AZNJA�e#M�D¦FUc�K8M¾e#PSc9cHM

dm
:zt�I/c9EGFHEJI/D8D3AZc�t8PSQ�NJM�QUP|b/ISDÊ�SMZi�FUMZp3Q

~r
K8M�t8p8EJc�NJMBi�MZD¦FUQ9MOK8MZc�e#PScHc9MZc

K8M�NVP W.M�QHQ9MS?�azE
~v
K8AZc9EJ�/D3M�NJP ��EGFHMZc9cHM&K�¨lp8D�AZNGAZefMZD¦F«K3M�e#PScHc9M&o*p8M�NJiZISD8o*p8M&K{PnD8c#NGM�cmb*FUdZefM

iZA�NJM�c9FUMO�/A�Izi�MZD¦FUQ9EJo*p8Mj:uD3I/p8c�I �3FHMZD8I/D3c�N¹¨lM Çzt8QHM�cHcHEGI/D�EJD¦FUA��/QUPSNGM �

~H =

∫

Terre

~r ∧ ~vdm �¹k3?lw��
¢B¨lM�c9F Z�i�MfcmFTPSK3M#o*p8MfD8I/p8c]EJD¦FHQHI�K8p8EJc9I/D8c¾NGMR�SMZi�FUMZp3QÁEJD3c9FTPnD*FUPSD8ARK8MfQHISFUPnFUEGI/D0K8MfNVPLWYMZQHQ9M

�6t3NJp8c�M Ç8Pni�FUM�e#M�D¦F�K3p�e#PSD¦FUMZPSpÊI/pÊK8p�QHMZtudZQ9M�FUM�QHQHM�c9FHQHM ��t{PnQ�QUPSt8tuI/QmF�PSpÊc9b�c9FHdZefM]i�AZNGMZc9FHMS?;�:D
M�¸�M�F�NGM��/MZi�FUM�p8Q���E´FUMZc9cHM

~v
M�c9F�K8A�iZI/eft�IScHAOMZD �

~v = ~ω ∧ ~r + ~vr
�6k3?`� �

I �
~vr
MZc9F­NJPB�zE´FUM�cHcHM�QHM�NVPnFHEG�SMiZ¾NVP�iZQ9I873FHMS?�¢�M�F9FUM�K8A�iZI/eft�IScHEGFHEJI/DÁD�¨lM�c9F­t{PSc±�/QHPnFUp3EGFUM �/MZNGNJM�Q9M��{d�FUM

NJM±g6PSE´F·o*p8M�NJP���EGFHMZc9cHM�K�¨sp8DXA�NJA�e#M�D*F·K8M�e#PScHc9M�M�c9F:K8p3M�MZc9cHM�D*FHEJM�NJNJM�e#M�D¦F ZBNJP�QHInFTPnFHEJI/D]K8M�NJP�WYMZQHQ9M
�¹kn^¦¥Áe �nc�ZÁN¹¨lA�o*p{PnFUM�p8Q �­M�F�K{PnD8c�p8D8M��3EJMZD«e#I/EGD8K8Q9MBefMZcHp3QHM¾PSp�Ç�K8A�t8NVPniZMZefMZD¦FHc�t{PSQ�QHPSt8tuI/Q9F�Z
NVPXK3EJc9FHQHE �8p3FUEGI/D«efI�b/M�D8D8MOK8MZc�e#PScHc9MZc�K{PnD8c�NJM�e#PSD¦FUMZPSp�?8�:D�M�¸�M�F�:8t�ISp8Q�NJM�c�AZiT�8M�NJNGMZc�K8M�FHMZeft8c
o*p8M�D8I/p3c:PSNJNGI/D8cYM�Çzt8NGI/QHM�Q�:<cHp8tuAZQ9EJMZp3QHMZc�Z�o�p3MZNJo*p8M�c:�8MZp3QHMZc&:¦NJM�c·cHM�p8NJc·K8AZt8NJPSiZM�e#M�D¦FUc�c9EJ�/D8E´C{i|P<FUEGghc
PnF9FUMZEG�/D8M�D*F�PSp�t8NGp8c¾k/¥#e1�nc ��]¼À9M�F9©+c9FUQ9M|PSe�]]K8PSD8c�NJP#c9FHQUPnFHI/cHt3�8dZQ9MX�/MZQ9c x�¥<© x(_ �*e¤K�¨lPSNGFHEGFUp3K8M � r
NJM�c�PSpzFUQHM�c�K8A�t8NVPSi�MZefMZD¦FUc«t8QHI�K8p8EGcUPSD¦F�K3MZcLQHM�K8EJcmFUQ9E �8p3FHEJI/D3c#K8M&e«PSc9cHM�Z!N½¨sAZiT�8M�NJNGM&t8NJPSD8A�FUPSEJQ9M9:
iZISe#efM�NJM�c�e«PnQHAZM�c�NJp8D8E�©¼c9I/NVPSEGQHM�K{PSD3c�NGM¾e«PnD*FHM|PSpLM�F�NJMZc�I�iZAZPSD8c&:{NJMZc�e#PSQ9AZMZc�] FU�8M�QHefEJo*p8MZcO]�K8M
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N½¨lPnFHe#I/c9t8�8d�QHM�PSi�FHEG�/A�M�t{PSQ­NJM�iT�{PSp3¸�PS�/M�cHI/NJPSEJQ9M9:*cHISD*F�M�Ç�FUQ9dZefMZefMZD¦F�NGMZD¦FUc&:zK8M�N½¨sI/QHK3QHM�K8pLe#d�FUQ9M
t{PSQ.À9ISp8QZ?;�:D�QHMZtuI/QmFTPSD¦F�N½¨sM�Çzt8Q9MZc9cHEJISD �6k3?`� ��K{PSD8c �¹kz?`w��#:8D8I/p3c�I��3FUM�D8I/D8c �

~H =

∫

Terre

[r2~ω − (~r.~ω)~r]dm +

∫

Terre

~r ∧ ~vrdm
�6k3? x|¥��

~$P«t8QHM�e#EGdZQ9MÁEJD¦FHAZ�/QHPSNJMj:�PncHcHI�iZEGAZM Z#NVP#Q9ISFTP<FUEJISD&�/NGI �{PSNGM]K3p0c9b�c9FHdZefM9:�M�c9F¾NGMÁefI/e#M�D¦FBi�EJD8A ©
FUEGo*p8M�K8M�QHISFUPnFUEGI/DvI/pRNJM�FHMZQ9e#M0D x9AT�qB1ILERr¦NJP�cHM�iZI/D8K3M�EGD*FHAZ�/QHPSNJMj:/PSc9cHI�iZEGAZM�PSpRiT�{PSeft#K3MZc:��EGFUM�cHc9MZc
~vr
M�D iT�{PSo*p8Mft�I/EGD¦FOK8MRNVP�WYMZQHQ9M9:$MZcmF]NJMvefI/e#M�D¦F¾iZEGD8A�FHEJo*p8MRQHM�NVPnFHEGg±I/p NJMXFHMZQ9e#M!DF��� 59E1DFE1P~A¹?

~:¨lA�o*p{PnFUEGI/D²t8QHA�iZAZK3MZD¦FUMLtuMZp3F'<�FHQHMRghI/QHeÁp8NJA�Mfe#PnFHQHEJi�EJM�NJNJM�e#M�D¦F�K{PSD3c\p8D�c9b�c9FHdZefM«K�¨lP<ÇzMZc\o*p8MZN�©
iZISD8o*p8M\t8PSQ �

[H] = I(t)[ω] + [h]
�6k3? x
x �

I �
I(t)

M�c9F�NVPve#PnFUQ9EJiZMBK�¨lEGD8MZQmFUEGM�K8p�c9b�c9FHdZefM\efAZiZPSD8EJo*p8MOc�¨lM Ç3t3QHEJe#PSD¦F�t{PSQ �

Iij =

∫

Terre

(r2δij − xixj)dm
�6k3? x�_ �

I �
δij

MZc9F�NGM¾c9b�e �uI/NJM¾K8M 	¾QHISD8MZi �nMZQZ?
�:DXe#I�bSMZD8D8Mj:ntuI/p8Q$K8M�c·K8p3QHAZM�c·c9p8t�A�QHEGMZp8Q9MZc Z�o*p8MZNGo�p3MZc�PnD8D8AZM�c�:<NVP�W.M�QHQ9M®t8Q9AZc9MZD¦FUM�FHQHI/EGc$e#In©

efMZD¦FUc®K�¨lEGD8MZQmFUEGM�t8Q9EJD8i�EJt{PnpzÇ
A < B < C

iZISD8c9FUPSD¦FUc�:3PSK8efM�F9FTPSD¦F�NGMZc±�nPSNJM�p8QHc.�
A = 8.0101 1037

�*�ve 2 : B = 8.0103 1037 �*�ve 2 : C = 8.0365 1037 �*�ve 2 ?3É�ISFHI/D8c�o*p8M (A−B)/A ≈ 2, 5 10−5FTPnD8K8EJcBo�p3M
(A − C)/A ≈ (B − C)/B ≈ 3 10−3 ?�~�M�c¾K8MZpzÇ0t8QHM�e#EGMZQHc¾efI/efMZD¦FUc A M�F

B
I/D¦F

NJM�p8QHc�P(Ç3M�c�cHEGFHp8AZc�K8PSD8c�NJM�t3NVPSDLA�o�p8PnFUI/Q9EVPSN��/AZIS�/QUPSt3�8EJo*p8M ZvefI/EJD8c®K8M x ]Bt8Q9dZcZ?{Ã�p3FUQ9MZefMZD¦F�K8E´F
N½¨lP<ÇzM�K�¨sEJD3MZQ9FHEJM�t3QHEJD3iZEJt8PSN

IC
MZc9F��SI/EJc9EJDLK8M¾N¹¨`P(Ç3MBK8MZc�tu¿/NJM�c��/AZIS�/QUPSt3�8EJo*p8M�ciZ1x ]Bt8QHd�cZ?{~�M�c�P<ÇzMZc

IA
M�F
IB

D8M�iZIjt+D8i�EJK8M�D*FXt{PScvP|�/M�iLNJM�cvP<ÇzMZc
Gx

M�F
Gy

K8p a3�.W¾?��:D M�¸�M�FvN¹¨`P(Ç3M
IA

t8Q9AZcHM�D¦FUM
p8D8MRNGI/D8�/E´FUp8K8M\K8M

λA = −14, 9291 ± 0, 0010◦
�|?$¢�M�NVPLD8I/p3c\Pne#d�D8M ZLK8A�C8D8EJQ¾NGMvc9b�c9FHdZefMRFHMZQ�©

QHM�c9FHQHM�EGD*FHMZQ9e#A�K8EVPSEGQHM
Gx′y′z′

o�p3Ezc9M�K8A�K8p8EGF·K8pRa3�.W
Gxyz

t{PnQ.p8D3M�QHInFTPnFHEJI/D]iZI/D3c9FTPnD*FHM�K�¨lPSD8�SNJM
λA = −14, 9291 ± 0, 0010◦

PSp3FHI/p8Q�K8MXN¹¨`P<ÇzM2v�
n?�@BPSD8c
Gx′y′z′

:��/ISEJcHEGD&K8p&c9b�c9FHdZefMvK8MZcBP<ÇzMZc
t8Q9EJD8i�EJt{PSp�ÇLK�¨sEJD8M�Q9FHEJM9:3NVPXe#PnFUQ9EJiZMBK�¨lEGD8MZQmFUEGM¾EJD8cmFTPSD¦FTPnD8AZM ��t8QHM�D8K�p3D8M¾ghI/QHefM¾o*p{PScHE�©¼K8EJPS�/I/D8PSNJM �

I(t) =





A + c11 c12 c13
c21 B + c22 c23
c31 c32 C + c33





�¹kz? x�k �

I � NJM�c
cij

c9I/D¦FBNGMZc�EJD3iZQHA�e#M�D¦FUc�K�¨sEJD8M�Q9FUEGM¾cHp8t3t�I/c9AZc�t�M�FUEGFHc�K 78c�PSpzÇ�K8A�ghI/QHe#PnFHEJI/D8c�I/p&PnpzÇ�PSD8I<©
e#PSNJEGMZc·K3M�e#PSc9cHMS?*~�M�c­Q9MZK8EGc9FHQHE �3p3FUEGI/D8c��/NGI �{PSNGMZc.K8M�e«PSc9cHM�c®Pnpfc9MZEGD#K8M�NJP�W.M�QHQHM �he«PSQ9AZM�c:cHI/NGEJK8M�c
M�F±I�iZAZPSD8EGo�p3MZc�:¦t3QHI�iZMZc9cHp8c±FU�3MZQHefEJo*p8M�c:K{PSD8c±N¹¨`PnFHe#IScHt8�8d�QHM �.t8QHI�K8p8EGcHM�D*F­K8M�c:�SPnQHEVP<FUEJISD8c·K8M�c±e#In©
efMZD¦FUc�K�¨lEGD8MZQmFUEJM]FUI/pzF¾PSp�t3NJp8c�K3MXN½¨sI/QHK3QHMÁK3p0e#EGNJNJEGI/D8EGdZefMBK8M�c�e#ISe#M�D*FHcBK�¨sEJD3MZQ9FHEJM\t8QHEGD8iZEGt{PSpzÇ
�
cij ≤ 10−8A

� �6K8A�ghI/QHe#PnFUEGI/D8c 
ZI/D{PnNJMZc�K8M¾NVPÁWYMZQ9QHM¾c9I/p8c�N½¨lPSi�FHEJI/D#K8M¾N½¨lPnF9FUQUPni�FUEGI/D«NGp8D8E�©¼cHISNVPSEGQHM ��?
~�MZc�K3p8QHA�MZc¾MZD#À9M�p&�nPSNJM�D¦F¾PSp0efI/EJD3c�o*p8M�NJo*p8MZc¾�3MZp8Q9MZc�:�cHE �8EJM�D�o*p8M

ċij ≤ 10−8AΩ
?�~$M�c�FUQ9MZev©

�8NGMZefMZD¦FUc®K8MBFUM�QHQ9MBi|Pnp8cHM�D*F�K8MZc�Q9MZK8EGc9FHQHE �3p3FUEGI/D8c­K8M�e#PScHc9MBNJI�i|PnNJMZc±c9p8Q�o*p8MZNGo*p8MZc�efEJD*p3FHMZc�:*c�¨`PSi ©
iZISe#t{Pn�¦PSD¦F�t{PSQ�K8M�c��nPSQ9EVPnFHEJI/D3c

cij
K8MON½¨sI/Q9K8QHM¾K8M

10−11A
�
ċij ≤ 10−7AΩ

� ?
~�Mfcmb�c9FUd�e#M

G′y′z′
A�FUPSD¦F]p8D�cmb�c9FUd�e#MfK�¨lP<ÇzMRK8MRW�EJcHc9MZQHPSD8K�:�NJPÊi�I/D¦FUQ9E �8p3FHEJI/D0K3p�e#PSD¦FUMZPSp

K{PSD3c
[h]

M�c9F\D*p8NJNGMS?�NJM�cOiZI/eft�IScUPSD¦FUM�c
hi
K8I/E´�/MZD¦F'<�FHQHMfQHMZiT�3MZQHiT�3AZMZcvK8PSD8c]NJMZcOefI/p3�SMZefMZD¦FUc]K8p
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D8I�b¦Pnp I/p K8MZcÁiZI/p8iT�3MZcRPnFHe#I/c9t8�8A�QHEJo*p8M«M�FXI�iZAZPSD8EGo�p3M�cHE®iZMZNGNJM�cm©¼i�E®c9I/D¦FvEJD3iZNJp3cHMZcÁK{PSD8cXNGM«cmbzc�©
FUd�e#M�e#A�i|PSD3EJo*p8MS?z~�M�efI/e#M�D¦F�i�EJD8A�FUEJo*p8M�QHM�NVPnFHEGg�M�c9F�c9p8Q9FHI/p3F�t3QHI�K8p8EGF®t{PSQ®NJM�c®�/M�D¦FUc�PnFHe#I/c9t8�8A ©
QHEGo*p8MZc&:{M�F�PnFHFHMZEGD*F�p8D8M¾�nPSNJM�p8Q�K8MON½¨sI/QHK3QHM¾K8M

1026 �*�fe 2 c −1 tuI/p8Q�cUPRiZISe#tuI/cUPnD*FHMOP<ÇzEVPSNGM9:zcHI/E´F
hi ≤ 10−8AΩ

�
AΩ ≈ CΩ ≈ 6 1033 �*��e 2 c −1 �#:­ISp�MZD3iZI/Q9M&p8D�e#EGNJNJEGI/D8EGdZefMfK3p�efI/e#M�D¦FiZEGD8A�FHEJo*p8M�t3QHI/t8Q9M�K8M¾NJP\WYMZQHQ9MS?;¢�ISe#t3FHMBFUM�D*p8MOo�p3M�NJM�c�iT�{PSD8�SMZefMZD¦FUc�K8M�i�EJQ9iZp8NJPnFUEGI/D«�/NGI �{PSNGM�c9M

K8A�QHI/p8NGMZD¦F�PSpÊe#ISEJD8c�c9p8Q�p8DÁÀ9I/p8Q
ḣi ≤ 10−8AΩ2 ?

�:D EJD¦FUA��/QUPnD*F�N½¨sM�Çzt8Q9MZc9cHEJISD �¹k3? x�¥��LK{PSD3c&N½¨sAZo*p{P<FUEJISD �6k3?ªÂ��ÊD8ISp8c&I �zFUMZD3I/D8c&NGMZc K���� x9AT�q��P\=
G � �[�{XYE1I9���.�q��� 5@� X XYE�c9I/p8c�ghI/QHefM¾e#PnFUQ9EJiZEGMZNGNJM ���

dI

dt
[ω] + I

d[ω]

dt
+
d[h]

dt
+W

(

I[ω] + [h]
)

= [L]
�6k3? xZ^��

I � W MZcmF�NVPXe#PnFUQ9EJiZM�PSD¦FUEJcmb�e#A�FUQHEGo*p8MOK8pL�/MZi�FUM�p8QBEGD8c9FUPSD¦FTPSD8A¾K3M\Q9ISFTPnFHEJI/DR:zin¨lM�c9F9©CZ<©¼K3EJQHM7�

W =





0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0





�¹kz? x(r��
�·PSQ�QUPSt3t�I/QmF0ZfiZMXcmbzcmFUd�e#MXNJPfWYMZQ9QHMXM�c9FOPnD8EJefAZMOK�¨sp8D8MXQ9ISFTP<FUEJISD&PSpzFUI/p8Q�K�¨sp8D0P<ÇzMXQ9MZc9FUPSD¦F

ZRt8QHI|ÇzEJefEGFHA�K8M]N½¨lP<ÇzM
Gz = Gz′

K8p�QHM�t�d�QHMOFUMZQ9QHM�c9FUQ9M �hAZiZPSQ9F�EJDzghAZQHEGMZp8QfZpx ] �#:{P|�/M�iÁp8D8M¾��EGFHMZc9cHM
t8Q9MZcHo*p8M\p8D8E´ghI/QHefMS?3�±D�iZISD8cHA�o�p3MZD8i�M9:�NGM��/M�i�FUM�p8QBEGD8c9FUPSD¦FTPSD3A]K3M]Q9ISFTP<FUEJISD

~ω
c�¨lM Çzt8QHEGe#MOK{PSD3c�NGM

QHM�t�d�QHM
Gx′y′z′

t{PSQ �

~ω = Ω





m1

m2

1 +m3





�¹kz? x�� �
I �

Ω = 7.2921151467064 × 10−5 QUPnK+�ncfMZc9F#NVP���EGFHMZc9cHM�K8M�Q9ISFTP<FUEJISD D8I/efEJD{PSNGM�K8M�NVP0WYMZQHQ9MM�F�NJMZc#AZiZPSQ9FHc
mi

�6cHPSD8c�K3EJefMZD8c9EJI/D �vcHISD*F«t�M�FUE´FUc«K3M��nPSD¦FLN½¨sp8D8E´FUA �6N½¨sI �8c9MZQm�SP<FUEJISD�efI/D¦FUQHM�o*p8M
m1 ∼ m2 ∼ 10−6 M�F m3 ∼ 10−8 M�F ṁ1 ∼ ṁ2 ∼ 10−6Ω

M�F
ṁ3 ∼ 10−8Ω

��?3»¼i�E�M�F�K{PSD3c�NVPOcHp8E´FUMj:
NJM�c�EJD8K3EJiZM�c:x8:;_XM�F�kvcHI/D¦F�efEJc�tuI/p8Q�NJM�c�iZI/eftuI/cUPSD¦FHMZc

x
:
y
M�F
z
QHM�cHtuMZi�FUEG�SMZefMZD¦F|?

��M�t�ISQ9FUISD8c�NGMZc�M�Çzt8Q9MZc9cHEJISD8c�K3M\NJPRe#PnFHQHEJi�M¾K�¨sEJD8M�Q9FUEGM �¹k3? x�k���M�F�K3MZc�iZI/eft�IScUPSD¦FUM�c�FHMZQ9QHMZcmFUQ9MZc
K8p��SMZi�FHMZp8QOK�¨sEJD3c9FTPnD*FUPSD8AvK8MÁQHISFUPnFUEGI/D �¹kz? x(rH:`k3? x�����K{PSD3c¾N½¨sAZo*p{PnFHEJI/D�K�¨`�:p8NGMZQ¾~�EJISp3��EJNJNGMS?;~�MXK8A ©
�/M�NJI/t3t�M�e#M�D*F�g6PSEGF�PSt3t{PSQUP /JFUQ9M\K3MZc�FHMZQ9e#M�cBK8M\N½¨sI/QHK8Q9M\K3M

10−6AΩ2 �
Ωċij

:
AΩṁi

:
ḣi
:
AΩ2mi

:
Ωhi

:8M�F�K3MZc�FUMZQ9e#M�c�K�¨sI/QHK8Q9MOcHp8tuAZQ9EJMZp3Q�t8PSQ�QUPSt8tuI/QmFwZRi�MZc�o*p{PSD¦FUE´FUA�c �

Ωċijmk ≤ 10−14AΩ2 :
AΩcijṁk ≤ 10−14AΩ2 :
(C − A)Ω2m3m1/2, (B − A)Ω2m1m2 ≤ 10−16AΩ2 :
Ω2cijmk ≤ 10−14AΩ2 :
Ω2cijmkml ≤ 10−20AΩ2 :
Ωhimj ≤ 10−13AΩ2 :
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FUISp3F�PSpÊt8NGp8c�PnF9FUMZEG�/D{PSD¦F
10−12AΩ2 �6M�c9FHEJe#PnFUEGI/D8c�M�¸�M�i�FHp8AZM�c�K�¨lPSt8Q9dZc�NGMZc��uI/QHD8M�c�cHp8Q�NGMZc�o*p{PnDz©

FUE´FUA�c
mi
:
cij
:
hi
M�FONGMZp8Q9c¾K8AZQ9EG�/A�MZc¾FUM�e#tuI/Q9MZNJNGMZc�t8QHA�iZEJc9AZM�c]t3NJp8c¾�{Pnp3F � ?�É�ISp8cOD8MvQHM�FUMZD3I/D8cOo*p8M

NJM�c®FHMZQHefMZc®K8p x|M�Q�I/Q9K8QHM�M�F�D3I/p8c�I �zFUMZD3I/D8c�PSNGI/QHc­NJM�c�A�o�p8PnFUEGI/D8c�K�¨`�:p8NGMZQm©¼~�EJI/p3��EGNJNJM�NGEJD8AZPSQHEGcHA�MZc �

m1 −
B

(C − A)Ω
ṁ2 =

Ωc13 + h1

Ω(C − A)
+

Ωċ23 + ḣ2

Ω2(C − A)
− L2

Ω2(C − A)

�¹kz? x(Â��

m2 +
A

(C −B)Ω
ṁ1 =

Ωc23 + h2

Ω(C − B)
− Ωċ13 + ḣ1

Ω2(C − B)
+

L1

Ω2(C − B)

�¹kz? x�w �

ṁ3 = − ċ33
C

− ḣ3

CΩ
+

L3

CΩ

�¹kz? x�� �
~:¨lM�QHQ9MZp8Q:EGD*FHQHI�K8p8E´FUM­t{PSQ�NJPBcHp8t3t8QHM�cHcHEGI/DfK8MZc�FHMZQHefMZc·K8pRcHMZi�I/D8KRI/Q9K8QHM�A�o*p8EG�nPSp3F Z�D8AZ�/NGEJ�/M�Q·K{PnD8c
m1
:
m2

M�F
m3

K8MZc��nPSQ9EVPnFHEJI/D8c�K�¨lPSp t8NJp8c x�¥
−11 :�i�Mvo*p8E�MZcmF¾FUI/pzF�Z«g6PSEGFBD8AZ�/NGEJ�/MZP��8NGMÁPSp Q9MZ�¦PSQ9KK8M�NVPOt8QHA�iZEGcHEJISD«K8M�c®K8A�FUM�QHefEJD{PnFHEJI/D3c­K3M�N¹¨lI/Q9EJM�D*FUPnFUEGI/DRcHt{P<FUEVPnNJM�K8M�NVP¾W.M�QHQ9M �¹Pnp«efEJMZp�Çpx�¥/¥

µ
PSc�:

r x�¥
−10 QUPSK3EVPSD8c ��?
¢�MZcOAZo*p{P<FUEJISD8c¾QHA��/EJc9cHMZD¦F]N½¨sA��SI/NJpzFUEJISD&FUM�e#tuI/QHM�NJNGMÁK8M�c]i�I/eft�I/cHPSD¦FUM�c�FUMZQ9QHM�c9FUQ9MZc]K8p0�/M�i�FUM�p8Q

EJD3c9FTPnD*FUPSD8ARK8MfQHISFUPnFUEGI/D�?�~�M�c]c9MZi�I/D8K!FHMZQHefMZc&:$PSt8tuMZNGAZMZcOghI/D8i�FUEGI/D8cOK�¨sM�ÇziZE´FTPnFHEJI/D M�F]D8InFUAZM�c
Ψi
:

QHM��/QHISp8t�M�D¦F�K8M�cBFUM�QHefMZc�PnK8EJefMZD8c9EJI/D3AZc�:;PncHcHI�iZEGAZcBPSpzÇ�e#ISe#M�D*FHcBK8M]ghI/QHi�M\M Ç�FUAZQ9EJM�p8QHc��
Li
�1:uPSpzÇ

K8A�t8NVPSi�MZefMZD¦FUcOK8MRe#PScHc9MRcHp8Qmg6PSiZEGo�p3MfISp�EGD*FHMZQ9D8M �6efI/e#M�D¦F¾iZEGD8A�FHEJo*p8MRQHM�NVPnFHEGg
hi
�#:�I/p MZD8i�I/QHMnZ

K8M�c�Q9MZK8EGc9FUQ9E �8pzFUEJISD8c�e#PScHc9EJo*p8MZc � FUMZQ9e#M�c
cij

K8pLFUMZD3cHMZp3Q�K�¨sEJD3MZQ9FHEJM ��?{É�I/p8c�t�IScHI/D8c �

ψ1 =
Ωc13 + h1

Ω(C − A)
+

Ωċ23 + ḣ2

Ω2(C − A)
− L2

Ω2(C − A)

�¹kz?ª_S¥ �

ψ2 =
Ωc23 + h2

Ω(C −B)
− Ωċ13 + ḣ1

Ω2(C − B)
+

L1

Ω2(C −B)

�¹kz?ª_�x �

ψ̇3 = − ċ33
C

− ḣ3

CΩ
+

L3

CΩ

�¹kz?ª_/_��
~�M¾c9b�c9FHdZefM]K�¨lA�o�p8PnFUEGI/D �¹k3? x(Â{:lk3? x�w\:lk3? x|���­I/tudZQ9MZD¦F�p8DÊK8A�iZI/p8t3NVPS�/M¾M�D¦FUQHM¾NGMZc�K8E´¸�A�QHM�D*FHc�t8QHI<©

iZM�cHc9p8cÁc9p8cHi�MZt3FHE �8NGMZc]K�¨`P<¸�M�i�FUM�QONVPLQHISFUPnFUEGI/D�FUM�QHQ9MZc9FHQHMn?$�·PSQOM�ÇzM�e#t8NGMRD8I/p8cOtuI/p3�/ISD8c\iZPSNJi�p8NJM�Q Z
t{PSQmF�N½¨sM�¸�M�F�PnFHe#I/c9t8�8A�QHEJo*p8Mj:8cUPnD8c�iZI/D8c9EJK8A�QHM�Q�N¹¨lEGD3�{p8M�D8iZM¾K8M�c�e#PSQ9AZMZc�NGp8D8E�©¼cHISNVPSEGQHMZc�?

~�MZc�K8M�pzÇ«e#I/efMZD¦FHc®K�¨sEJD3MZQ9FHEJM�AZo*p{PnFHI/QHEJPSpzÇ ��M�F�Ã t8QHA�cHMZD¦FHMZD¦F�p8D�A�i|PSQmF�QHM�NVPnFHEGg�K8M�¥3?l¥/¥¦_��!:
t8Q9MZcHo*p8Mbx�¥/¥�ghI/EGcvEJD3ghA�QHEJM�p8QWZ0iZM�NJp8E�o*p�¨sEJNGcfM Çz�8E �uMZD¦F#P|�/MZi�NJMLefI/efMZD¦FRK�¨sEJD8M�Q9FUEGMÊP<ÇzEVPSN

C
?±�:D

t8Q9MZefEJdZQ9MBPnt8t8QHI|ÇzEJe#PnFHEJI/DRiZM�F�A�i|PSQmF�tuMZp3F[<�FHQHMBD3AZ�/NGEJ�/A�tuI/p8Q9��p�o*p8M�NJM�c�M�¸�M�FHc�i�I/D8cHEGK8AZQ9AZc®cHI/EGMZD¦F
�8EGMZD�t8NJp8c��/QHPSD8K�o*p8M\NGMZc�efIzK8E´C{i|P<FUEJISD8c�EJD3K8p8EGFHMZc�t{PnQ�NJPXFUQHEJP<Ç3PSNJE´FUAn?{azE�D8ISp8c�t3QHMZD3I/D8c�p8D�M�NJNGEJtz©
cHIjt+K8M#K8M�QHA��/I/NGp3FUEGI/D²�8I/efI/�/dZD3M �6i�I/QHt3c�p��8EJP<ÇzEVPSN ]\FUM�N®o*p8M

A = B
�1:YN½¨lP<ÇzM

IA
tuMZp3FXt8QHA�cHMZD¦FHMZQ

D�¨sEJeft�ISQ9FUMvo*p8M�NJNGM#K8EGQHM�i�FUEGI/D K{PSD8c\NJMRt8NJPSD�A�o*p{PnFUISQHEVPnNq:�M�F\D8I/p3c\tuI/p3�SI/D8cÁK3I/D8i#PSK8I/t3FHMZQ]NJMfQHM ©
tudZQHM�FUM�QHQ9MZc9FHQHM

Gxyz
tuI/p8Q±AZi�QHEGQHM�NJMZc­AZo*p{P<FUEJISD8c®K�¨`�:p8NGMZQm©¼~�EJI/pz�zEGNJNGMS?/�:DLPnK8I/t3FUPSD¦F�NGMZc±D8ISFUPnFUEGI/D8c

iZISe#t8NGM�ÇzMZc
m = m1 + im2

:
L = L1 + iL2

:
h = h1 + ih2

:
c = c13 + ic23

:8M�F
ψ = ψ1 + iψ2

NJM�c
iZISe#tuI/cUPnD*FHMZc�AZo*p{P<FUI/Q9EVPSNGMZc�tuMZp3�SMZD¦Fo<�FUQ9M]QHPSe#PScHc9AZMZc�K{PnD8c�N¹¨lM Çzt8QHM�cHcHEGI/D �

m+
i

σe

ṁ = ψ =
c

C − A
+

h

(C − A)Ω
− i

Ω

(

ċ

C − A
+

ḣ

(C − A)Ω

)

+
iL

(C − A)Ω2

�¹kz?ª_Sk �

I �
σe = C−A

A
Ω
MZcmF�NVPXt8p8NGcUPnFHEJI/DLK3EGFUM¾K�¨`�:p8NGMZQ �6tuAZQ9EJI�K8M¾K8M]k/¥/k3?l��À9I/p8Q9c ��?
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�:D�PSt8t8PSQHM�D8iZM]FUI/p3FHMZc�NJM�c�A�o*p{PnFUEGI/D8c�cHI/D¦F�t�IScHAZM�c�M�FBNGMOt8QHI �3NJdZefM¾MZcmF�FHISFTPnNJMZefMZD¦F�iZM�QHD8An?;»¼N
cHp{s#QHPSEGF]K8Mfi|PnQUPSi�FUAZQ9EJc9MZQ]NJMZc]QHM�K8EJcmFUQ9E �8p3FHEJI/D3c¾K8M#e#PSc9cHM#PnFUefI/cHt3�8AZQ9EJo*p8MZc&:$Izi�A|PSD8EGo*p8MZc&:Y�¦b�K8Q9In©
NJIS�/EJo*p8M�c�:uI/p0iZM�NJNJM�cBt8Q9I��/I�o�p3AZMZcOt{PnQBNJM�c�e#PSQHA�MZc�NGp8D8E´©+cHI/NJPSEJQ9MZc�tuI/p8QBK3EJcHtuI/c9MZQ�K8M�c��{p8i�FUp{PnFHEJI/D3c
K8pL�/M�i�FHMZp8Q�EJD8cmFTPSD¦FUPSD8A¾K8MOQHInFTPnFHEJI/D�M�F�MZD�QHM�iZI/D8cmFUE´FUp8M�Q�N½¨sM�¸�M�F�cHp3Q�N½¨sI/QHEGMZD¦FTPnFHEJI/D«cHt{PnFHEVPSNGMBK8MONJP
WYMZQHQ9MS?��:D�QHAZPSNJE´FUAj:/iZM�cHM�QUPSE´F®EG�/D8I/Q9MZQ:o*p8M�NJMZc:�{p3i�FUp8PnFUEGI/D8c­K8M�NJP¾QHISFUPnFUEGI/DvFUMZQ9QHM�c9FUQ9MBM�D8�/MZD3K8QHM�D*F�:
t{PSQ±efIzK3EGC{iZPnFUEGI/DvK8M�N½¨sM�¸�M�F­iZM�D*FHQHE´ghp8�/M9:¦K3MZc­K8A�ghI/Q9e«P<FUEJISD8c:K8p«e#PSD¦FUMZPSpfM�F­MZD#iZI/D8c9AZo*p8M�D8iZM¾K8M�c
�nPSQHEJPnFUEGI/D8c±K8M�c®FUM�D8cHM�p8QHc�K�¨lEGD8MZQmFUEJM

cij
?8¢�M�cHMZQHPSEGF�PSp8c9cHEuEJ�/D8ISQHMZQ­o*p8MBN¹¨`P<FUefI/cHt8�3dZQHM�M�F�NJM�c�I�iZA|PnD8c

t8Q9I(�SIzo*p8M�D¦F\K3MZc�K8A�ghI/QHe#PnFHEJI/D8c�K8MXNJP«W.M�QHQ9MXcHI/NGEJK8Mj:�Q9MZc9t�I/D3cUP��8NGMZc¾K8M\�SPnQHEVP<FUEJISD8cBPnK8K8EGFHEG�SMZc�K8M�c
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i(σet+φ0) �¹kz?ª_n^��

I �
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C(t)
FHMZNGNJM¾o*p8M
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m(t) = −iσee
iσet

∫ t

−∞

ψ(τ)e−iσeτdτ = m(t0)e
iσe(t−t0) − iσee

iσet

∫ t

t0

ψ(τ)e−iσeτdτ
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m1(σ) − B

(C − A)Ω
iσm2(σ) = 0
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m2(σ) +
A

(C −B)Ω
iσm1(σ) = 0
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σ = ±σ′
e avec σ′

e =

√

(C − A)(C − B)
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Ω
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σ′
e

σe

=

√

(C −B)A

(C − A)B
= 0.9962
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m(σ) = σe

ψ(σ)

σe − σ
= −σeψ(σ)Fσ [iH(t)eσet]
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m(t) = −iσe
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ψ(τ)H(t− τ)eiσe(t−τ)dτ
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m2(t) + A
(C−B)Ω

ṁ1(t) = 0
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r =

√

(C − A)A

(C − B)B
= 1.00379
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m1(σ) − B

(C − A)Ω
iσm2(σ) = ψ1(σ)
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�6k3?`k/r �
�¹kz?`k/� �

~$PvcHI/NGp3FUEGI/D�:8Pnt8QHd�c�K3AZiZISe#tuI/cHE´FUEGI/DLMZDÊghQUPSi�FUEGI/DLcHEGe#t8NGM9:zMZc9F �
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e
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ψ2(σ) + ψ1(σ)

2(σ′
e + σ)

�¹kz?`k¦Â��
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ψ2(τ) cos[σ′
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tuMZp3�SMZD¦F�<�FUQ9M
QHM��/QHISp8t�A�MZc �

m(t) =

∫ t

−∞

−iσ′
e{ψ1(τ)r + i

ψ2(τ)

r
} cos[σ′

e(t− τ)] + σ′
eψ2(τ) sin[σ′

e(t− τ)]dτ
�6k3?s^*_ �

_Sw
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¢�I/efe#MOD8I/p3cBN½¨lP|�/I/D3c���p&K8PSD8cBNGMOiT�{PSt8E´FUQHMÁ_{:{N¹¨lI/Q9EJM�D*FUPnFUEGI/DLK8M\NVPvW.M�QHQ9MÁtuMZp3F <�FHQHM]K8AZi�QHEGFHM

Z#N¹¨`PnEJK8MOK8M�cBFUQ9I/EJc�PSD8�/NGMZc�K�¨l�±p3NJMZQ&:;QHMZNGEJA�cBPSp�Ç&i�I/eft�I/cHPSD¦FUM�c�FUM�QHQ9MZc9FHQHM�c�K8p&�SMZi�FHMZp8QBEJD8cmFTPSD¦FTPnD8A
K8MLQ9ISFTPnFHEJI/D�t{PSQXNGMZcXQ9MZNJPnFUEGI/D8cÁi�EJD8A�e«P<FUEJo*p8M�cXK�¨l�:p8NJM�Q �½_z? x�k�� ?�~:¨sEJD¦FUA��/QUPnFHEJI/D�K8MLiZM�cvQHM�NVPnFHEJI/D8c
tuMZQHefM�FÁK�¨sI �3FUM�D8EJQ\N½¨sI/QHEGMZD¦FTP<FUEJISD�? �&PSEGcÁNJM#t8QHI�iZA�K8A�M�c9FvQ9MZD8K8p i�I/eft8NJEGo�p3A#t{PnQÁNJMfg6PSEGF\o*p8M�i�MZc
QHM�NVPnFHEJI/D3c­D3M�c9I/D¦F�t{PSc®NJEGD8A|PSEGQHM�cZ?¦@�PnD8c�NJP]efMZc9p8QHM�I �

θ
cZ¨sAZiZPSQ9FHMBtuMZp�K�¨sp8D8M��nPSNJM�p8Q±e#I�b/M�D8D8M

θ0
:

I/DÊtuMZp3F�FUISp<À9I/p8Q9c�:{MZD�t8Q9MZefEJdZQ9MOPSt8t8Q9I|Ç3EGe«P<FUEJISD�:zNGMZc�QHA�cHI/p3K8QHMOMZD �

[θ]tt0 + i [ψ]tt0 sin θ0 = Ω
∫ t

t0
meiΦdτ

Φ = Φ(t0) + [ψ]tt0 cos θ0 − Ω
∫ t

t0
(1 +m3)dτ

�¹kz?l^¦k �

_S�
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N½¨lPnFHe#I/c9t8�8d�QHMBM�F�K8MZc�I�iZAZPSD8c��hEJE �±NGM�iT�{PSD8�SMZefMZD¦F�K8M�NJP\ghI/QHi�M�iZM�D¦FUQHE´ghp8�/M¾t8Q9IzK3p8EGF�t{PSQ�NGMZc��nPSQ9EVP<©
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»¼N­g6Pnp3FÁK3EJc9FHEJD8�Sp8MZQ]NVPÊK8A�ghISQHe#PnFUEGI/D EJD¦�nPSQHEJP��8NJMRK8M#NVPÊW.M�QHQ9M«K8p8MFZ�NJP�t{PSQmFUEGMfi�I/D8cmFTPSD¦FUM«K8M
N½¨sM�¸�M�F�iZMZD¦FHQHEGghp3�/M&©WZ�N¹¨lI/Q9EJ�/EGD8M�K8p ��I/p3QHQHM�NJM�FLAZo*p{PnFHI/QHEJPSN�©RK8M0iZM�NJNGM&o*p8E¾MZcmFÊi|PSp3cHAZM0t8PSQLNJM�c
tuMZQ9FHp8Q �8PnFUEGI/D8c

m
M�F
m3

c9p8Q�NJM��/M�i�FHMZp8Q�K8MOQHISFUPnFUEGI/D�?
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MZcmF±EJD8K3A�C{D8EGM9:nMZDvFUI/pzF±i|PSc:c9AZiZp3NVPSEGQHMS? ; D8M�ghISEJc�NJPBK8A�ghISQHe#PnFUEGI/DvPSiT�8M��/A�M9:¦FUI/pzF:AZNGAZefMZD¦F:K8M�e#PScHc9M
K8MLNJP�W.M�QHQHMLM�c9FfMZD[A�o�p3EJNJE �8QHM#cHI/p3cfN¹¨`Pni�FUEGI/D�i�I/D<À9p8�/A�MLK8MZcvghI/Q9iZM�cv�/QUP|��EGFUPnFUEGI/D8D8M�NJNJM�cÁEGD*FHMZQ9D8MZc&:
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NVP�WYMZQ9QHMRe#PSEJD¦FUEGMZD8K3QUP«M�D��{PnNJMZEGD8MXNGMZc¾cUP|�nPSD¦FUcOK8p ,B¬B»H»9»¼dZefMvcHEJd�iZNGM2��EJN.I/t8tuI/cHM�QUPLNJM�c�FUMZD8PSD¦FUc
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cHM�t3FUM�D¦FUQHEGI/D�o�p�¨ ZRN½¨sAZo*p{PnFHMZp8Q�?
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M�FXNJM�K8A�t8NVPniZMZefMZD¦F ��?�~�M�cvK8AZt8NJPSiZM�e#M�D¦FUcvA�FUPSD¦FvefI/EJD8c\�/QUPnD8K8cXo*p8MLi�MZpzÇ�o�p3E�cHMLt8Q9IzK3p8EJQHPSEJM�D*F
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�:D0p8D0t�ISEJD¦FBK3MXNVPfW.M�QHQHMj:�K8MÁQUP|b/I/D��SMZi�FUMZp3Q

~r
:uNJM\t�InFUMZD¦FHEJMZNYK�¨lPSiZi�AZNGAZQUP<FUEJISD&iZM�D¦FUQHE´ghp8�/M

UcMZcmF�K8A�C{D3EYt8PSQ �

~∇Uc = −~ω ∧ (~ω ∧ ~r) = ω2~r − (~ω.~r)~ω
�6^3? x �

cHISEGFO:{M�D&EGD*FHQHI�K8p8EGcUPSD¦F�NJM�c�i�IzI/Q9K8I/D8D3AZMZc
ω1, ω2, ω3

K8p&�/M�i�FHMZp8Q�K8MÁQ9ISFTPnFHEJI/DÊM�FBNGMZc�iZI�I/QHK8ISD8D8AZM�c
i|PnQ9FUA�cHEGMZD8D8M�c �VÇ :sb9: 
 ��K8M

~r
�

~∇Uc = Ω2

















(ω2
2 + ω2

3)x− ω2ω1y − ω3ω1z

(ω2
1 + ω2

3)y − ω1ω2x− ω3ω2z

(ω2
1 + ω2

2)z − ω1ω3x− ω2ω3y

















�h^8?ª_��

É�ISp8c��/I�b/I/D3cBEJefefAZK8EJPnFUM�e#M�D*F®o*p8M
Uc

cZ¨sM�Çzt8Q9EJefMOcHI/p8c�NJPvghISQHefM �

Uc = ω2
1

y2 + z2

2
+ ω2

2

x2 + z2

2
+ ω2

3

x2 + y2

2
− (ω1ω2xy + ω1ω3xz + ω2ω3yz)

�h^8?lk��
cHISEGFBPSt8QHd�cBA�NJEJefEJD8PnFUEGI/D�K8M�c�FUM�QHefMZc�K8p�cHM�iZI/D3K0I/QHK8Q9M\M�F�EGD*FHQHI�K8p8i�FUEJISD�K8M�cBi�IzI/Q9K8I/D8D3AZMZcBcHt8�8A ©
QHEGo*p8MZc �

Uc = Ω2(1 + 2m3)
r2 cos2 φ

2
− Ω2(m1 cosλ+m2 sin λ)r2 cos Φ sin Φ

�6^8?s^��
MZD

Φ
M�c9F«NVP�NJPnFUE´FUp8K3M�M�F

λ
NVP NJI/D3�/EGFHp8K8MS?®¢�M�t�ISFHMZD¦FUEGMZN�iZM�D¦FUQHE´ghp8�/M�t�M�p3F�<�FUQHM�K8A��SMZNGI/t8tuA�MZD

�{PSQ9e#ISD8EJo*p8M�c�cHt8�8A�QHEGo�p3MZc�K8MOK8MZ�/Q9A\_ �

Uc = −Ω2

3
(1 + 2m3)r

2(P20(sin Φ) − 1) − Ω2

3
(m1 cosλ+m2 sin λ)r2P21(sin Φ)

�h^8?`r �

P|�/M�iÁNJM�c�t�¿/N´b�D8I/efMZc�K8M]~�MZ�/M�D8K8QHM)�
P20(sin Φ) = 3 sin2 φ−1

2

M�F
P21(sin Φ) = 3 sin Φ cos Φ

�h�SI/EJQ
ÃBD3D8M�ÇzM�ÃÁ? x ��?S~$PB�SPnQHEVP<FUEJISDÁK8M�tuISFUM�D¦FUEJM�N3i�MZD¦FUQ9EGghp8�/M�EGD8K8p8E´F�t{PnQ�NJM�c�EJQ9QHAZ�Sp8NVPSQ9EGFHAZcYK8M�NVPBQ9ISFTP<FUEJISD
FUM�QHQ9MZc9FHQHM]MZcmF �

∆Uc = −Ω2

3
2m3r

2(P20(sin Φ) − 1) − Ω2

3
(m1 cosλ+m2 sinλ)r2P21(sin Φ)

�h^8?l���

¢�I/efe#M
m3 ≤ 10−8 M�F m1, m2 ≤ 10−6 :$iS¨sMZcmFvN½¨s�{PSQ9e#ISD8EJo*p8Mvc9t8�8AZQ9EJo*p8M �¹_{: x �OiZPSp8c9AZM«t8PSQÁNJP

tuI/�8�8I�K8EJM¾o*p8E�t3QHAZK3I/e#EGD8M¾K{PSD3c�p3D�QHPSt8tuI/Q9F:x�¥S¥3?
�!�%$ �  ��(�-.) e % b2)f�J�J)+(!)+*�, 45)�-/-.)

�:D#efI�b/MZD3D8M�NJP�W.M�QHQ9M�t3QHAZc9MZD¦FUM�p8D8M�Q9ISFTPnFHEJI/Dvp3D8EGghI/Q9e#Mn?/~:¨sM�¸�M�F±iZM�D¦FUQHE´ghp8�/M�A�FUPSD¦F­iZI/D8cmFTPSD¦F�:
e#PSNJ�/Q9A�N½¨sAZNJPSc9FHEJiZE´FUA�K3M�c9MZc�e#PnFHAZQHEJPSpzÇ :/NJPOWYMZQ9QHM�cHM�K8A�ghI/Q9e#M�i�I/D¦FUEJD 78efMZD¦F�À9p8cHo*p�¨ ZÁi�M�o*p8M�cZ¨sA�FUP<©
�8NGEJcHc9M�N½¨sAZo*p8EGNJE �8QHMf�¦bzK3QHI/cmFTPnFHEJo*p8M �·M�D FUI/p3FXt�I/EGD¦FXNVP�ghI/QHi�M«FUISFUPSNJM#QHA�cHp8N´FTPnFvK3MLNVP&�/QHP|�zE´FTPnFHEJI/D
�6i�MZNGNJM��/A�D8AZQ9AZM0t{PnQLNVP!WYMZQ9QHM �#:�K8M0N¹¨`PSi�iZA�NJAZQHPnFUEGI/D
i�MZD¦FUQ9EGghp8�/M&M�FÊK8M0NJP!t8QHM�cHc9EJI/Dµ� M�c9FÊD*p8NGNJMS?
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N½¨sAZo*p{P<FUEJISDLNJI�i|PSNGM �

~∇P + ρ~∇W = 0
�h^8?`Â �

I �
ρ
M�c9F�NVPXe#PScHc9M]�SI/NJp3e#EGo�p3M9:

P
NJPvt8QHM�cHcHEGI/D�QHdZ�SD{PSD¦F�PSp�tuI/EGD*F�i�I/D8c9EJK8A�QHA9:;M�F

W
NJMOtuISFUM�D*FHEJM�N

K8M#t�M�cUPSD¦FUM�p8QXA��¦PSN Z�NJP�c9I/e#efMfK8p��/A�I/t�InFUMZD¦FHEJMZN
U
M�F\K8p�tuISFHMZD¦FUEGMZN±iZM�D*FHQHE´ghp8�/M

Uc
?Y@Á¨lPSt8Q9dZc

iZM�FHFHM�A�o*p{PnFUEGI/D FUI/pzFUMLcHp3Q9g6PSi�M�A�o�p3EJtuISFUM�D*FHEJM�NJNJM#K8M
W

M�c9Fft�M�QHtuMZD8K3EJiZp3NVPSEGQHM�D8ISD c9MZp8NGMZefMZD¦FnZ
~∇W e«PSEGc:PSp8c9cHE Z ~∇P ?¦~:¨lA�o�p3EJNJE �8QHM��¦b�K8Q9I/c9FUPnFUEGo�p3M�EGe#t8NGEJo*p8M�K3I/D8i�o*p8M�NGMZc±AZo*p8EGt�InFUMZD¦FHEJMZNGNJM�c:K8MtuMZcUPnD*FHMZp8QBcHI/E´FBPnp8cHc9E·K8M�cBcHp3Q9g6PSi�MZc�EGcHI �{PnQHQHM�cZ?;ÃºNJPfc9p8Q9g6PniZMÁK3MÁNVPfW.M�QHQ9M9:uNVPRt8QHM�cHcHEGI/D�M�c9F�A��¦PSNGM
Z
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cHp3t8t8QHM�cHc9EJI/D�K8MZc�FUM�QHefMZc�K8p�cHM�iZI/D8K�I/QHK3QHM7�

[Hf ] ≈ Ω





If
13

If
23

If
33





�¹rz?ªÂ��

�.ISp8Q$p8D8M:iZISp8iT�8M±�{p8EJK3M9:|Q9MZt8Q9AZcHM�D¦FTPSD¦F.p8D8M:�;PSE �8NJM�t3QHI/tuI/Q9FHEJI/DBK8M±NVP�e#PScHc9M±K8M:NVP�WYMZQ9QHM9:�NGM:i|PSNGiZp8N
K8M�c�e#ISe#M�D*FHc�K�¨sEJD8M�Q9FHEJM­�8I/QHc�©¼K8EJPS�/I/D8PSpzÇ

If
13

:
If
23

M�F:K8pvefI/e#M�D¦F·K�¨sEJD3MZQ9FHEJM�P<ÇzEVPSN
If
33

c�¨`PSt3t{PSQHM�D¦FUM
K8I/D3i Z[i�MZNGp8E�K8p�FUM�QHefM0e«P<FUEJd�QHM�K8p e#I/efMZD¦FLi�EJD8A�FUEGo�p3M0K8M0iZM0�{p8EGK8MS?�@�PSD8cÊNJM�c�AZo*p{P<FUEJISD8c
K�¨l�:p8NJM�Qm©�~�EGI/p3��EJNGNJMvEJD¦FHMZQ9��EGMZD8D8M�D¦FXt8NGp8cÁM Ç3t3QHMZc9cHA�e#M�D*FfNGMZc MO��PRQ1AT�q��P\=FGHEFDF��DFE1P~A�Q1� PRK1AT�T��� E�GHE
D x9AT�qB1ISE �

χmat =
If
13 + iIf

23

C − A
=

If

C − A

�¹rz?`w �

χmat
3 =

I33

C

�¹rz?`� �

^¦k



M�F�NGMZc MO��PRQ1AT�q��P\='GHE DF��DFE1P~A�Q1� PRK1A �T���~E2GHE DF��� 59E1DFE1P~A �

χmv =
hf

(C − A)Ω

�½r�? x�¥ �

χmv
3 =

h3

CΩ

�½r�? x
x �
�W��� � &-( ,0"$ 1%2� ( � � (!*1)�- � �5 1% ( �  1*&*1) � %�(�- (J�!) 45)�-.-.) ,��!�i*�,�c �

"$ '&-(J)
~�M\cmbzcmFUd�e#M]e#A�i|PSD3EJo*p8MOo*p8M\D3I/p8c�MZD¦��EJcHPS�/MZISD8c�i�I/eft8QHM�D8K�NJPvW.M�QHQHM]M�F�c9MZc�iZI/p8iT�3MZc��8p8EJK8M�c

cHp3t�M�Q9C{i�EJMZNGNJM�cZ?Y�:D!iZISD8cHEGK8AZQHPSD¦FXo*p8M«NJP�t8PSQ9FHEJMRcHI/NGEJK8MRK8M#NVPLWYMZQHQ9M«M�c9FvPnD8AZNJPSc9FHEJo*p8M9:$N¹¨lM�¸�M�FÁK8M�c
M�Çzi�EGFTP<FUEJISD8c��{p8EGK8MZc�cHp3Q�NGM¾e#ISp3�/M�e#M�D*F�K8p�tu¿/NJM�c9M]FHQUPSK3p8EGF�PnNJI/Q9c�t{PSQ�N½¨sAZo*p{P<FUEJISD �6^8?s^*Â � �

m +
i

σ∗
c

ṁ =
Ψf

1 − k∗2
ks

�½r�? x(_��

P|�/M�i
σ∗

c = σc[1 + i/(2Q)]
M�F

Ψf NVPÁghI/D3i�FUEGI/DÊK�¨sM�ÇziZE´FTPnFHEJI/DÊK8I/D3D8AZMOt{PSQ �

Ψf = χmat + χmv − i

Ω
(χ̇mat + χ̇mv)

�½r�? x�k �
~�MZc�ghI/D8i�FUEGI/D8c$K8M±e#ISe#M�D*F$i�EJD8A�FUEGo�p3M:e«PnFHEJd�QHM:I/pONJM�c$e#I/efMZD¦FHc�K�¨lEGD8MZQmFUEGM:iZI/Q9QHMZc9t�ISD8K{PSD¦F.I/D¦F.p3D8M
efI(bSMZD8D3MÁD8I/D�©¼D*p8NJNGM9:{i�I/QHQ9MZcHtuI/D8K8PSD¦F_ZfNVPRK8EJcmFUQHE �8p3FHEJp8I/DÊefI�b/MZD3D8M\K3p&�{p8EGK8MS?�¢�M�F9FUM]e#I�bSMZD8D8Mj:
K8I/D¦F¾ISD0t�M�p3F¾cHp3t8t�IScHMZQOo*p�¨sMZNGNJMÁM ÇzEJc9FHMvK8MZt3p8EJc�K3MZc�FUM�e#t3c�EJefe#A�e#ISQUP��8NGMZc&:{I/p�FUI/pzFOPSp0efI/EJD8c
K8M�t8p8EJcBt8NJp8c9EJM�p8QHc¾PnD8D8AZM�c�:�P#MZD�g6PSE´FBp8D0EGe#t8PSi�FBK8A�C{D3EGg±cHp3Q�NJM\e#I/pz�/MZefMZD¦F¾K3p0t�¿/NGM �hK8AZiZPSNVPS�SM
iZISD8c9FUPSD¦FRM�Fvi�I/D¦FUQHE �8p3FHEJI/D�c9p8QvNJMfFUM�QHefM�K8MÊ¢��{PnD8K8NJM�QvPSefI/Q9FHEJMnZ�N½¨s�8MZp3QHMLPSi�FUp8M�NJNGM ��?�azMZp3NJM�NJP
t{PSQmFUEGM��SPnQHEVP �8NJMj:·cHp3cHiZM�t3FUE �8NJM�K8MÊt8Q9I(�SIzo*p8M�Q#p3D�efI/p3�SMZefMZD¦F#PSi�FHp8MZN�MZcmFfK�¨lEGD¦FUAZQ�<�FZ? yL2{,Y��-/ 
���Y4��|�Y4 � �Y=6 ��X)+5u,Y-S�(465u,Y�v"­�� �
$-¦4 ��23�(4h5u,.�\5���"Y ��!5u�! �,��R-¦46,Y'¦�(46���$ ��X�Z5u,��#-/5u,.�|46"$'�%('* ��
�Y,.46���$ z�� z,u�«"$2{,Y�#=h ��Y%#1.23%(��46 �828%<4h2 �·=h +3

~�I/QHc9o�p3M­NJP�t8QHM�cHc9EJI/D]K8p¾�{p8EGK8M:MZD]cHp8Qmg6PSiZM­PSp3�/e#M�D¦FUM �6K3EJefEJD*p8M �;MZD]p8D8M 
ZISD8D8M±K8I/D8D3AZM9:�i�MZNGNJM�©
iZE�c9M\i�QHM�p8cHM � �uI/e �uM �#:8iZM]o*p8E�K8I/D8D3M\NGEJMZpJZRp8D8MOK8EGe#EGD*p3FTPnFHEJI/D �¹PSp8�Se#M�D*FUPnFUEGI/D �®K3MZc�e#I/efMZD¦FHc
K�¨sEJD8M�Q9FHEJMRK8MfNVPÊW.M�QHQHM#cHI/NGEJK8Mn?$@BMfe«PSD3EJdZQ9MR�/AZD8A�QUPSNGM9:�FUISp3FUMR�nPSQHEJPnFUEGI/D0K8MZc\e#ISe#M�D*FHcOK�¨lEGD8MZQmFUEGM
K8M NVP i�I/p8iT�8M²�{p8EJK3M

δIf �ht{PSQÊQUPSt3t�I/QmF Z cHP[�nPSNGMZp8QLefI�b/M�D8D8M �LMZcmF�PniZiZISe#t{Pn�/D8AZM t{PnQ�p3D8M
�nPSQHEJPnFUEGI/D I/t8tuI/cHA�M

Icharge K8MZc«e#I/efMZD¦FHc«K�¨sEJD8M�Q9FHEJM�K8M�NVP WYMZQHQ9M�cHISNJEJK3M�c9MZNJISD
NVP²QHMZNJPnFUEGI/D K8Mt8Q9I/t�ISQ9FUEGI/D8D{PnNJEGFHA �
Icharge = k′2δI

f �½r�? x|^��
I �

k′2 ≈ −0.3
MZc9F­NGM�D3I/e �8Q9M�K3M�~�I��/M�K8E´F±K8M�K8A�ghI/Q9e«P<FUEJISD�?/É�I/p8c®PSK8efM�FHFHI/D8c:i�M�FHFHM�M Çzt8QHM�cHcHEGI/D�:

o*p8E{MZcmF­PSD{PSNGI/�/p8M�ZOi�MZNGNJM�K8ISD8D{PSD¦F­N½¨sEJD8i�QHA�e#M�D*F�K�¨lEGD8MZQmFUEGM�cHI/p3c­N¹¨`Pni�FUEGI/DXK8pRtuISFUM�D¦FUEJM�N8iZM�D¦FUQHE´ghp8�/Mn?
~:¨lM�¸�M�F:K8M�K8A�ghI/QHe#PnFHEJI/D]iZI/eftuMZD8c9M�t{PSQ9FHEJM�NJNJM�e#M�D¦F.N¹¨lEGD8iZQ9AZefMZD¦F�K3M�e#ISe#M�D*F·K�¨sEJD8M�Q9FUEGM�o*p8EzN½¨lP�g6PSEGF
D{P0/GFUQ9MS?{~$PXghI/D8i�FUEJISD�K�¨lM Ç3i�EGFUPnFUEGI/D �6t{PnQ9FUEGM��nPSQHEJP��8NJM �®cHMOQ9AZAZi�QHE´F�K8I/D8i �

Ψf = (1 + k′2)χ
mat + χmv − i

Ω
[(1 + k′2)χ̇

mat + χ̇mv]
�½r�? x(r��

M�F�NJPXt{PSQ9FHEJM¾A�o�p8PnFUI/Q9EVPSNGM�K8MON½¨sAZo*p{P<FUEJISD�K�¨`�:p8NGMZQm©¼~�EJI/p3��EGNJNJM�K8M��zEGMZD¦F �

m+
i

σ∗
c

ṁ = χmat eff + χmv eff − i

Ω
(χ̇mat eff + χ̇mv eff)

�½r�? x�� �
^/^



ghI/D8K3AZMOcHp8Q�NGMZc MO��PRQ1A �q��P\='E��_ESQ1A ��59ES=�GHE�DF��DFE1P~AiQ1� PRK1AT�T���~E K���� x9AC��I#�Tx9X��

χmat eff =
1 + k′2

1 − k2/ks

χmat χmv eff =
1

1 − k2/ks

χmv �½r�? x(Â��
@Á¨lPSt8Q9dZc�NJM�c��SPnNJMZp3QHc�K8M�c�D8I/e �8Q9MZc�K8MO~�I��/MOK8ISD8D8AZc�M�D�Ã�D8D8M Ç3M\_

(k2 = 0.3, ks = 0.9883, k′2 =
−0.3075)

:8ISD�I��3FUEGMZD¦F �

χmat eff ≈ 1, 02 χmat �½r�? x�w �
χmv eff ≈ 1, 47 χmv �½r�? x�� �

�:D[QHA|PnNJEGFHA«N¹¨lA�o�p8PnFUEGI/D �½r�? x�� �]QHA��/EJc9cUPSD¦FRNGM«efI/p3�/M�e#M�D¦FRK8p[t�¿/NGM«c9I/p8cvN½¨lPSi�FUEJISD�K�¨sp8D8MLiZISp8iT�8M
�{p8EGK8M¾MZcmF�EJeft8QHI/t3QHMBtuI/p8Q�p3D8M¾M�ÇziZE´FTPnFHEJI/DLK3EJp8Q9D8M¾I/pÊcHp �uK8EGp8QHD8M � ?8�±DÊM�¸�M�FoZXi�M�F9FUMOAZiT�8M�NJNGM¾K8M
FUM�e#t3c�:*NJM�D8I�b/PSp#�{p3EJK8M�t8QHI��SIzo*p8M�p8D8M�I/cHi�EJNGNVPnFHEJI/DXNGE �8Q9M�QHA�FUQHIS�/QUPSK3M9:¦o*p{PSc9E´©¼K3EJp8Q9D8M � −1−1/433i�b�i�NJMRt{PSQ®À9I/p3Q ��K8MRN¹¨`P<ÇzMvK8MvQ9ISFTP<FUEJISD0K8p e«PSD¦FHM|PSp�?�ÃBp3FHQHMZefMZD¦F]K8E´F¾EJN�M ÇzEJc9FHMvp8D8MRQHA�cHI/D8PSD8iZMj:
o*p8E:PSeft8NGEGC{M]N½¨sM�¸�M�F¾K3MXFUI/p3FHMXM�Çzi�EGFTP<FUEJISD0K8I/D¦F¾NVPfghQHAZo*p8M�D8iZM#PSt8t3QHI�iT�8M −1 − 1/433

i�b�i�NJMvt{PSQ
À9I/p8Q�? �  *1: �,Y"Y2{,u� �Y"Y2{,Y�Á-/ ����.4:�Z�.4 � ��,$5u�.�\,Y ���%(2{4 �� *%(5u,.�O���$ Ê=m�´46�!1Y2{-S�]"Y ��]%< �"Y4¹����%<4 7
�.�$�(4h5u,.�f"$  �!2{�|�Z ��#�Z 0"$'�%(5u�Y=62{,u���|�$%L1.=¹�Y�|4h z�$%<� ��5��$%<� �:1:5u�Y%�=6 ��|���$ �=¹=h ��R=m��'����$23�(4h5�,
� Å 36� ���\ ����R��5u�����²)+2{4 �R2{"$'����Y2z�� +3
�.ISp8Q�NJM�c��nPSQ9EVPnFHEJI/D8c�K8M\NVPR�zE´FUM�cHcHMXP<ÇzEVPSNGM9:;D8I/p8c�P��SI/D8cB��p�o*p8MvNGMZc�M�¸�M�FHc¾K8MÁK8A�ghI/QHe#PnFHEJI/D�iZM�Dz©
FUQ9EGghp8�SM�A�FTPSEGMZD¦F�tuM�FHEGFUc �¹¥{: x(r�� � ��EJNJc­tuMZp3�SMZD¦Ff<�FHQHMBD3AZ�/NGEJ�/A�c�PSp«QHMZ�/PSQHK#K8M�NVPOt8Q9AZiZEGcHEGI/D�:�cHI/p3�SMZD¦F
EJD3K8A�FHMZQHefEJD3AZM9:;K8M�c�ghI/D3i�FUEGI/D8c�K�¨sM�ÇziZE´FTPnFHEJI/D�PnFUefI/c9t8�8AZQ9EJo*p8M\M�F�Izi�A|PSD8EGo*p8MS?��:D ��ISD8D8M\PSt8t8Q9I�ÇzE�©
e#PnFUEGI/D�:3NJPÁ��EGFUM�cHc9M\K8MOQ9ISFTPnFHEJI/D«MZc9FBPSNGI/QHc�Q9AZ�/NGAZMOiZISe#efM�iZM�NJNGM¾K�¨lp3D�i�I/QHt8c�Q9EJ�/EGK8M�cHM�NJI/D �

ṁ3 = −Ψ̇f
3

�½r�?ª_S¥ �
P|�/M�i

Ψf = χmat
3 +χmv

3

?8¢�M�t�M�D8K{PSD¦FO:zN½¨sAZNJPSc9FHEJiZE´FUA�MZD¦FHQUPSEGD8M�p3D8M¾PSp3FHQHM�K8A�ghI/Q9e«P<FUEJISD�:/iZM�NJNGM�K8p3M0Z
NVP]iT�{PSQ9�/M��nPSQHEJP��8NJM�K8p«�8p8EJK8Mj:8P(À9ISp3FTPSD¦FfZ\N½¨sM�ÇziZE´FTPnFHEJI/D#NJM�FHMZQ9e#M

k′2χmat
3

?zÃ�p ��ISp3F�K8pLi�I/e#tzFUM9:
I/D�P �

m3 = −χmat eff
3 − χmv eff

3 + Cte
�¹rz?`_�x �

P|�/M�i\NGMZc�ghI/D8i�FUEGI/D8c�M�¸�MZi�FUE´�/MZc

χmat eff
3 = (1 + k′2)χmat

3 ≈ 0, 70 χmat
3

�½r�?ª_/_��
χmv eff

3 = χmv �½r�?ª_Sk �
~:¨lA�i|PSQmF�K8M\NVPRNJI/D3�/p8MZp3Q�K8pRÀ9I/p8QBM�c9FBp8D8MÁo*p{PnD*FHEGFHAÁt8NGp8cBPnt8t8QHA��8MZD3cHE �3NJM9:uM�FBK�¨lPSt8QHd�c�N½¨sAZo*p{P<FUEJISD
�½_�?ª_ ��NGMZc�i�I/p8iT�8M�c��{p8EGK8MZc�NJPXe#I�K8EGC8MZD¦F�cHM�NJI/DÊN½¨sAZo*p{P<FUEJISD �

∆LOD

LOD
= χmat eff

3 + χmv eff
3 + Cte

�¹rz?`_n^��

�W��� ��� kl 1"/,0"$ 1%2� ,0"/e %'c � �!��-. �&-(!)
~�M\efI/efMZD¦F�iZEJD3A�FUEGo*p8MÁP<FUefI/cHt8�3AZQHEGo*p8M

[HA] + [hA] = [ΩIA
13,ΩI

A
23,ΩI

A
33] + [hA]

:;g6PnEGF�N½¨sI �z©
À9M�FfK8MÊK8A�FUM�QHefEJD{PnFHEJI/D3c�À9I/p8Q9D{PSNJEGdZQ9MZcZ?�~$M�cRI �8cHM�Q9�nPnFHEJI/D8cRefA�FHAZI/Q9I/NJI/�SEJo*p8MZc �6t8Q9MZcHc9EJI/D�©+�/M�D¦F �vD8M
QHM�D8K8M�D*Ffi�I/e#tzFUM�K8MLNJP�QHA�t{PSQ9FHEGFHEJI/D�K8MZcRe#PScHc9MZcvK�¨lPSEJQÁM�FRK8MLNGMZp8QXefI/p3�SMZefMZD¦FRo*p8MLt{PSQmFUEGMZNJNGM�©
efMZD¦F|?u�.ISp8QBiZPSNJi�p8NJM�Q�p3D8MÁo*p{PSD¦FHEGFUA]�/NGI �{PSNGM¾iZI/efe#MOp8D&e#I/efMZD¦F�iZEGD8A�FHEJo*p8Mj:uEGN�g6PSp3F�e#M�FHFHQHM]MZD
I�MZp3��QHMvp3D0e#I�K8dZNGM\D*p8efAZQ9EJo*p8MXtuI/p8Q ]�EJD¦FUM�QHtuI/NJM�Q@]ON½¨sA�FTP<F�K8MvN¹¨`PnFHe#IScHt8�8d�QHM\NyZ#I � D8MvN½¨sI �8c9MZQ9�SM
t{PSc�?

� � # ���������)� ' 
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 � ������!���� ! '�!��(, � . �&����������� '�!���.0!���� �&��� ���0)+��� �����#. �&�
��!��
	�D�M Ç3t3NJEJi�EGFHMXNJM�c¾e#I/efMZD¦FHc¾K�¨lEGD8MZQmFUEGM

IA
13

M�F
IA
23

K{PSD3c]NGMvQHM�t�d�QHMvFUM�QHQHM�c9FHQHMfMZD²iZI�I/QHK8ISD8D8AZM�c
cHt3�8AZQ9EJo*p8MZc �

r, λ, θ
� �hQUP|b/ISD�:$NJI/D8�SEGFUp3K8M9:�iZI/NJPnFUE´FUp8K8M �BMZD²g6PSEJcHPSD¦FOK8MZpzÇ!PSt3t8QHI|ÇzEJe#PnFUEGI/D8c�i�I/D8c9A�©

iZpzFUEG�SMZc �

• FUISp3F�A�NJAZefMZD¦F�K8MÁ�SI/NJp8efM]K8MÁN¹¨`PnFHe#IScHt8�8d�QHM]MZcmF¾MZD�A�o*p8EJNGE �8Q9M\�¦b�K8QHISc9FTP<FUEJo*p8Mj:�i�MÁo*p8E·tuMZQ�©efM�FO:�K8PSD8c·NGMZc$EJD¦FHAZ�/QHPSNJM�c$�SI/NJp3e#EGo�p3MZc�:(K8M­cHp �8c9FHEGFUp3MZQ.Z�N½¨sAZNGAZefMZD¦F$K8E´¸�A�QHMZD¦FHEJMZN
dr
NJP�K3EG¸�AZQHM�D¦FUEJM�NJNGM

K8MOt8Q9MZcHc9EJI/DR:{t8p8EJc9o*p8M
dp = −ρgdr �

ρ
MZcmF�NJPve«PSc9cHM¾�/ISNJp8efEJo*p8Mj:3�fNJM¾iT�{Pne#tÊK8MOtuMZcUPnD*FHMZp8Q � r

• N½¨sAZt8PSEJc9cHMZp3QBK8MXNJP#i�I/p8iT�8MX�{p3EJK8M\A�FTPnD*F�FUQ9dZc�EGD3ghAZQ9EJMZp3QHM\PSp�QUP|bSI/D�FUM�QHQHM�c9FHQHM9:�MZNJNGM\M�c9F¾t3QHEJc9MiZISe#efM¾iZI/D3c9FTPnD*FHMOAZ�¦PSNGMOPSpÊQUP|b/ISD&AZo*p{P<FUI/Q9EVPSNGMS?
	�D&P��uI/p3FHEGF�PnpzÇÊM�Çzt8Q9MZc9cHEJISD8c�c9p8EG�nPSD¦FHMZc�t�ISp8Q�NJM�FHMZQHefM¾K8MOe#PnFUEGdZQHMj:8QHM �{PSt3FHEJc9AOPSNJI/Q9c�FUM�QHefM

K8MOt8Q9MZcHc9EJI/D
[Hp]

:{K{PSD8c�NJM¾Q9MZtudZQ9MOFHMZQ9QHMZcmFUQ9M)�

[Hp] = −R
4
e

g
Ω

∫ π
2

−π
2

∫ 2π

0

Ps sin2 θ





cos θ cosλ
cos θ sin λ

sin θ



 dθ dλ
�¹rz?ª_Sr �

I �
Re

MZcmF:NJM­QUP|bSI/DvAZo*p{PnFHI/QHEJPSN�K8M�NVP�W.M�QHQ9M9:
Ω
:nNVP��zE´FUM�cHcHM�PSD8�/p8NJPSEJQ9M±K8M�NVP�W.M�QHQ9M9:

g
:<NVP�t�M�cUPSD¦FHMZp8Q

efI(bSMZD8D3MXM�F
Ps
:uNVPft8QHM�cHc9EJI/D0K8MÁN½¨lPSEJQ�PSp�c9I/N½?�~�MZc�efI/efMZD¦FUc�K�¨sEJD8M�Q9FUEGM\c9MXQHM�FUQ9I/p3�/M�D¦FOQHAZK3p8EGFHc0Z

K8M�c�EGD*FHAZ�/QHPSNJM�c�cHp3Q9g6PSi�EJo*p8MZc�K�¨sp8D8M¾ghI/D8i�FUEGI/DÊK8A�FHMZQHefEJD3AZM¾t{PSQ�NJPXt8QHM�cHcHEGI/D�PnFUefI/cHt3�8AZQ9EJo*p8MS?
~:¨`PnFHe#IScHt8�8d�QHM:Q9MZt8Q9AZcHM�D¦FUM�M�D¦�zEGQHI/DOp8DOefEJNGNJEJISD8EJd�e#M�K8M:NJP�e«PncHcHM:K3M­NJP�WYMZQHQ9M �

MA ≈ 5, 2 1018

�*���1:.I/QHK3QHMLK8M��SQUPSD8K3MZp8Qvo*p8MLN¹¨lI/D!I �3FUEGMZD¦FXg6PSi�EJNGMZefMZD¦F Z�t{PnQ9FUEGQÁK8M«NVP&t8Q9MZc9cHEJISD efI�b/M�D8D8MÊPnFm©
efI/cHt8�3AZQHEGo*p8M�PSp[cHI/N :

105 �.P²K3I/D8D{PSD¦FfNVP�e#PSc9cHMÊK�¨sp8D8M�iZI/NGI/D8D8MLK�¨lPSEGQvt{PSQvefd�FUQ9MLi|PSQ9QHAj::cHI/E´F
dm = 105/g ≈ 104 ���3?±~$M�c#efI/efMZD¦FUcvK�¨lEGD8MZQmFUEJMLK3M�N¹¨`P<FUefI/cHt8�3dZQHMLQ9MZt8Q9AZc9MZD¦FUM�K8I/D8i�PSp t8NJp3cx�¥

−6A
?

@�PSD8c·N½¨lPnFUefI/cHt3�8dZQ9M®NGMZc.�nPSQ9EVPnFHEJI/D3cYK3M�NVP�t8QHM�cHc9EJI/DvP<FUefI/cHt8�3AZQHEGo*p8M�efI�b/MZD3D8M�MZDÁcHp8Qmg6PSiZM�c9I/D¦F
cUPnEJcHISD8D8EJd�QHM�cZ?¦a�p8Q�NVP�t8NVPSD3EJcHt3�8dZQ9M�K8M�NJP�¶·EJ�3?Sr�? x�c9I/D¦F:QHM�t�I/QmFUA�MZc�:SMZDR���ni�e 2 �hI/p1x�¥ �*���<e 2 :nAZo*p8E�©�nPSNVPnD*F Z x|¥/¥O�·P��#:¦NJMZc��nPSQ9EVPnFHEJI/D3c·K8M�c­e#PSc9cHMZc±K�¨lPSEGQ�K8M·À9p8EJNGNJM�F Z®ÀHPSD¦��EJMZQ�?*azM�c±�nPSNGMZp8Q9c±M�Ç�FUQ9AZe#PSNJM�c
cHISD*F\PnF9FUM�EJD¦FUM�c]c9p8Q]NJMZc¾i�I/D¦FUEGD8MZD¦FUc&:$cHI/E´F\_S¥L���niZe 2 :�ISp�_ �¤K8MRNVPLt8QHM�cHc9EJI/D�PnFUefI/c9t8�8AZQ9EJo*p8Mn?�Ã
iZISD*FHQUPSQ9EJI�NJP#t8Q9MZc9cHEJISD0D8MÁ�nPSQHEGMÁt8QHPnFUEGo*p8MZefMZD¦F¾t{Pnc�cHp8QBNJMZc�Izi�A|PSD3cZ? 	�D�D8InFUMZQHP�o*p8MXN½¨lPSi�iZp8eXp�©
NVP<FUEJISD#K8MBe«PSc9cHM�K�¨`PSEGQ®c9p8Q�N¹¨l�8A�e#EGcHt8�3dZQHM�D8I/Q9K�MZDL�8E´�/M�Q�MZcmF�PSi�iZI/eft{PS�/D3AZM�t{PnQ�K8M�c�K8AZt3QHMZc9cHEGI/D8c
K{PSD3c�N¹¨l�3AZefEJcHt3�8dZQ9M¾cHp8K�?u~�M¾t8�8A�D8I/efdZD8M]cZ¨sEJD¦�SMZQHc9M\M�D�A�FUAn?

~�MZc#�nPSQ9EVPnFHEJI/D3cXQHM�NVPnFHEG�/M�c#K3MZcfe#I/efMZD¦FHcfK�¨lEGD8MZQmFUEJM�PnFHe#IScHt8�8A�QHEGo�p3M�c9I/D¦F«K8ISD8i&Pnp�t8NGp8cfK8M
o*p8MZNGo*p8MZc � �8NGMZp8Q�t{PSQmFUEGMB�nPSQHEJP��8NJM

cAij
PnFHFHMZEJD¦F�K8ISD8i

0, 01 10−6A = 10−8A ≤ 1030 ���fe 2 ?@�PSD8cLN¹¨lA�o*p{PnFUEGI/D�K�¨`�:p8NGMZQm©¼~�EJI/p3��EGNJNJMLEGD¦FUMZQm��EJMZD¦FLK3I/D8i�p8D3M&ghI/D8i�FUEJISD
K�¨sM�ÇziZE´FTPnFHEJI/D
A�o*p{PnFUI<©
QHEJPSNJMj:�cHPSEJc9I/D8D8EGdZQ9M9:�K8MRN¹¨lI/Q9K8QHMÁK8M

10−8A/(C − A) = 3 10−6 QUPSK M�FOD8I/p8cOt8Q9A��/I�bSI/D8cÁp3D²M�¸�M�FiZISe#t{PnQUP��8NGM�cHp3Q�NGM¾t�¿SNJM9:3iZI/D3C8D{PSD¦F x ]��
= 5 10−6 QHPSK � ?~$PfghI/D8i�FUEGI/D�K�¨lM Ç3i�EGFUPnFUEGI/D�P<ÇzEVPSNGM

c33/C
:{FUISp3F�PSp&t8NGp8c

10−8A/C = 10−8 QHPSK�:;EJD3�8p8MZD8i�MÁNJPNJISD8�/p8M�p8Q\K3p�À9I/p8Q'Z&NVP��{PSp3FHMZp8Q\K8M
10−8 ∗ 86400 = 0.001

c � x«efcXPSp!t8NJp8c\K�¨lPSt8QHd�cÁN¹¨`�:o;?
�½r�?ª_n^���?

¢�MZcfI/QHK3QHMZcfK8MÊ�/QHPSD8K8M�p8QRcHI/D¦FfiZI/DzC{QHefAZcft{PSQvNGMZcRi|PSNGiZp8NGcve#A�FUA�I/QHI/NGI/�/EGo�p3MZcXK8M
[Hp]

::o�p3E
cZ¨lPSt8t3p8EJM�D*F�c9p8Q�N½¨sM�Çzt8QHM�cHc9EJI/D �½rz?`_/r � ?8Ã
t{PSQmFUEGQ�K�¨lp3D8MOQHA|PnD{PSNGb�c9M]�SNJI �{PnNJMBK3MZc�K8I/D8D8A�MZc�e#A�FUA�I/QHIn©
NJIS�/EJo*p8M�c]K3M x|�S^¦w Z&_S¥S¥¦r{:�NGM#ÉB¢��±� �6ÉBPnFHEJI/D8PSN±¢�MZD¦FHMZQOghI/Q]�±D¦��EJQ9I/D8efMZD¦FTPnN®�:Q9I/cHtuMZi�FO: ; azÃ �
M�FÁNJM#É�¢�ÃB� �6ÉBPnFHEJI/D{PnN­¢�MZD¦FUM�QÁghI/QÁÃ�FHe#IScHt8�8M�QHEGi«��MZc9M|PSQ9iT��: ; azÃ��OI/D¦FXi|PnNJiZp3NJAZc]NJMfefI/e#M�D¦F

^¦�



������� rz? x �&¬­PSQHEJPnFUEGI/D8c�K8MZc]e«PncHcHM�c\K�¨`PSEGQ¾K8MBÀ9p8EJNGNJM�F0ZÁÀHPSD¦�zEGMZQ¾t{PnQ]p3D8EGFHAvK8M#c9p8Q9g6PniZMvFUM�QHQHM�c9FHQHM
MZD ���<iZe 2 �6I/p x�¥ �*���ne 2 :�AZo*p8EG�nPSNJPSD¦F Z x�¥/¥L�.P���?�~$M�c��nPSNJM�p8QHc�M Ç�FUQHA�e«PnNJMZc¾c9I/D¦F]PnFHFHMZEGD*FHMZc¾c9p8QNJM�c�iZISD*FHEJD8M�D¦FUc¾M�FOi�I/QHQ9MZc9t�I/D3K8MZD¦F�Z�o*p8MZNGo*p8MZc �ÈK8MvNVP«t3QHMZc9cHEGI/D PnFUefI/c9t8�8AZQ9EJo*p8M �¹azEJK8ISQHMZD �SI�� :
_S¥/¥/_{:8t�?dx|� x&�lr�� �
iZEGD8A�FHEJo*p8M]PnFHe#I/c9t8�8A�QHEJo*p8MOFUISp3FUM�c�NGMZc��#�8M�p8QHM�c �6¥S�8W ; :u�S�3W ; : x(_n�8W ; : x�wS�8W ; ��?;É�ISp8cBP|�SI/D8c
C{�/p3QHA�iZMZc®K8I/D8D3AZMZc®cHp8Q­NVP]¶·EG�/p8QHM�r�?l^\K8M�_n¥/¥¦_ ZÁ_S¥S¥S^)�¦D3ISFUI/D3c®K{PnD8c�NGMZc:FUQ9I/EJc±iZISe#tuI/cUPnD*FHMZc­K8p
FUM�QHefMRK8MRt8QHM�cHcHEGI/D �hMZD �*�&e 2 c −1 ��NVPLt{PSQmg6PSEGFHMX�zEGcHE �8EJNGEGFUA\K8p²i�b�iZNGM#cHPSEJc9I/D8D8EGMZQ¾tuI/p8QOiT�{PSi�p8D8MK8M�c¾iZI/eft�IScUPSD¦FUM�c¾K8p�FUM�QHefMXK8Mvt8Q9MZc9cHEJISD�:�K8MXN¹¨lISQHK8Q9MXK8M

5 1024 �*�Êe 2 c −1 :�PnEJD8c9E·o*p8MvtuI/p8Q�NJPiZISe#tuI/cUPnD*FHM]P<ÇzEVPSNGM�K8pLFUM�QHefMO�SMZD¦F �
50 1024 �*�Re 2 c −1 ��?

�
���
� � � ������!���� ! '�!��(,�!��%�0� �
�.I/p3Q¾NJMXefI/efMZD¦F�i�EJD8A�FUEJo*p8MvQ9MZNJPnFUE´g:i|PSp3cHAvt{PSQBNJMZc��SMZD¦FUc&:$PSt8tuMZNGAvPSNJISQHc2ACE1I#DFE759E1P~A �6EJD3K8EJi�M

v
�1:8N¹¨`Pnt8t8QHI|ÇzEJe#PnFHEJI/DfK8MOiZI/p3iT�8MOe#EGD8iZM�K3MZefMZp8Q9M9:8e#PSEJc�NVPXQHA�K8p8i�FUEJISDLK8MON½¨sEJD¦FUA��/QUPnNJM��/I/NGp8e#EGo*p8M
Zvp8D8MOEJD¦FHAZ�/QHPSNJM¾K8MOc9p8Q9g6PSi�MOD�¨lM�c9F�t8NJp3c�t�I/c9cHE �8NJMn? 	�D�I �zFUEJM�D¦F �

[hA] = R3
e

∫ ∞

h=0

∫ π
2

−π
2

∫ 2π

0

sin θ





vθ sinλ+ vλ cos θ cosλ
−vθ cos λ+ vλ cos θ sinλ

−vλ sin θ



 ρ dh dθ dλ
�¹rz?ª_n���

I �
vλ
M�F
vθ
cHI/D¦FÁNJMZc]��EGFUM�cHc9MZcXQ9MZNVP<FUEG�SMZc]QHM�cHtuMZi�FHEG�SMZefMZD¦FRNJI/D3�/EGFHp8K8EJD8PSNJM�c�M�FÁe#A�QHEJK3EJI/D{PnNJMZc �hK8p

D8I/Q9K �/MZQ9c#NGMLcHp8K �1::i|PnNJiZp3NJAZM�cvt�ISp8QRiT�{PSo*p8MÊcHp8Qmg6PSiZM�EJc9I �{PSQ9M
PS
?±~:¨s�*b�tuISFU�3dZcHM�K8MÊN½¨sAZo*p8EGNJE �8QHM

�¦b�K8QHI/cmFTPnFHEJo*p8M]iZI/D3K8p8EGFwZvN¹¨lM Ç3t3QHMZc9cHEGI/D �

[hA] =
−R3

e

g

∫ PS

0

∫ π
2

−π
2

∫ 2π

0

sin θ





vθ sinλ+ vλ cos θ cos λ
−vθ cosλ+ vλ cos θ sinλ

−vλ sin θ



 dP dθ dλ
�¹rz?ª_SÂ �

~:¨lp8D3M�K3MZc±i|PSQHPSi�FHAZQ9EJc9FHEJo*p8M�c:t8QHEGD8iZEGt{PSNJM�c�K8M�c��/MZD¦FHc�:*iS¨sMZcmF®NJP�t8QHA�cHM�D8iZM�K�¨sp8D8M�iZEGQHiZp3NVPnFHEJI/D\�/NJIn©
�{PSNGM\K3M\N¹¨lI/p3MZc9F��/M�QHcBN¹¨lM�c9F�:�e#P<ÇzEJe#PSNJMBK{PSD8c�NJMZc 
ZISD8MZcBFHMZeft�A�QHA�MZcBM�FBt3QUPnFHEJo*p8MZefMZD¦F�D*p8NJNGM\K{PnD8c

^*Â



NJM�c�
ZI/D3MZc]t�I/NJPSEJQ9MZc�M�F]AZo*p{PnFHI/QHEJPSNJMn?�¢�MZcO�/M�D¦FUc_p�
ZISD{PSpzÇ�]vcHI/D¦F]o*p{PScHE�©¼EGD8M�ÇzEJcmFTPSD¦FHc ZÊNJPLcHp8Qmg6PSiZMj:
e#PSEJc�K3M���EJM�D8D8MZD¦F�cHEG�/D8EGC8i|PnFHEGghc�K{PnD8c�NGMZc�
�I/D8MZc�FUM�e#tuAZQ9AZM�c ZRt{PSQmFUEGQ�K8M x�¥ ��e K�¨`PnNGFUE´FUp8K3M�M�F�PnFm©
FUM�EJ�/D3MZD¦F­NJMZp3Q:e«P<ÇzEGeXp8e : À9p8c9o�p�¨ Z

30
e1�<c�:/�/M�QHc x(_ ��eºK�¨`PnNGFUE´FUp8K3M �h�/ISEJQ±¶·EG�8?*rz?`_ ��?/~$M�c®i�I/p8NGI/EJQ9c

PSA�QHEJM�D8cÁM�e#t3QHp8D¦FUM�D¦FviZM�c 
ZI/D8M�cXK8M ]+À9M�F9©+c9FHQHM|Pne ]Rt�I/p3Q\NGMZc\�SI/NJc\�/MZQ9cXN½¨sMZcmF �hNJM«�/PSEJD�K8M#FHMZeft8c
PnF9FUMZEGD¦F�o�p3MZNJo*p8M�c��3MZp8Q9MZc�t�I/p3Q�p8D��SI/N�NJISD8�n©¼i�I/p8Q9QHEJM�Q � ?

������� rz?`_��XazM�i�FUEGI/DXefAZQ9EJK8EGMZD8D8M®K8M�NJPBe#I�bSMZD8D8M�PnD8D*p8MZNGNJM�K3MZc���EGFHMZcHc9MZc:K8M�c��/M�D*FHc 
ZI/D{PnpzÇ �he1�<c ��?
ÃBN´FUE´FUp8K8MOM�D �*e�:ucHp8Qmg6PSiZM\EJc9I �{PSQ9QHM]MZD�e �8PSQZ?{¬­PSNGMZp8Q9c�tuI/cHE´FUE´�/MZc��/M�QHc�N¹¨lM�c9F �½azEGK8I/QHM�D �SI�� :�_S¥/¥¦_{:
t�?�x��/Â �lr � ��?

������� rz?`k ��a�MZi�FHEJI/D²efAZQHEGK8EJM�D8D8MvK8MfN½¨sI/c9iZEJNGNVPnFHEJI/D&PSD8D*p8M�NJNJMRK{PnD8c\NJPÊ��E´FUMZc9cHMfK8MZcO�/M�D¦FUc 
�I/D{PSpzÇ
�6e �nc ��?8Ã�NGFUE´FUp8K3M�MZD �*e�:{c9p8Q9g6PSi�MOEJcHI��{PSQHQ9M¾MZD�e �{PSQ �¹azEJK3I/QHM�D �SI�� :u_S¥/¥¦_H:8t�?�x��¦Â �lr�� ��?

�:D�efI(bSMZD8D3M&N½¨lPnFHe#I/c9t8�8d�QHMLt8Q9AZcHM�D¦FUM�p8D A�FUPnF#K8M�c9p8tuMZQfQHISFUPnFUEGI/D�:�M�F#N¹¨lISD�tuMZp3FfiZPSNJi�p8NJM�Q
o*p8MBNGM�efI/efMZD¦F®iZEJD3A�FUEGo*p8M�Q9MZNJPnFUE´g�K8M�N½¨lPnFUefI/c9t8�8dZQ9M�tuI/c9cHdZK3M�p8D8M�iZI/eft�IScUPSD¦FUM�P<ÇzEVPnNJM�e#I�bSMZD8D8Mj:
K8M#N½¨sI/QHK8Q9M#K3M

h̄3 ≈ 144 1024 �*�&e 2 c −1 �6K�¨lPSt8Q9dZcRazEGK8I/Q9MZD �nI(� :·_S¥/¥¦_H:s�SI/EJQ]PSp8c9cHE®¶·EJ�3?Yrz?l^���?$Ã
^¦w



FUE´FUQ9MvK8MRiZI/eft{PSQHPSEJc9I/D�NJMvefI/efMZD¦FOiZEGD8A�FHEJo*p8MvK8MRN¹¨`PnFHe#IScHt8�8d�QHMj:�K8p5ZÊcHP�Q9ISFTP<FUEJISD�MZD �8NJI�ivMZcmF
10−6CΩ ≈ 6 1027 ���fe 2 c −1 ?~$P[c9p8tuMZQm©+QHISFUPnFUEGI/D
efI�b/MZD3D8M�M�D cHI/E�D�¨lM�c9F�o*p8M K8M0t�M�p K�¨lEGe#tuI/Q9FUPSD8i�M&tuI/p8QLNJM �8p3F�o*p8M
D8I/p3cLt�I/p3QHcHp3EG�/ISD8c ��c9MZp8NGMZcLNJM�c«�nPSQHEJPnFUEGI/D8cfK8M0efI/e#M�D¦FUc�i�EJD8A�FUEJo*p8M�c�cHISD*FÊc9p8cHi�MZt3FHE �8NGMZcLK�¨sEJD�©
K8p8EGQHM]p8D�M�¸�M�FBc9p8QBNJPfQ9ISFTPnFHEJI/D�? 	¾Q�NJM�c��SMZD¦FUc�
�I/D{PSp�Ç&t3QHAZc9MZD¦FUM�D¦F¾p8D8M]�SPnQHEVP<FUEJISD�PnD8D*p8MZNGNJMOFUQHd�c
t8Q9I/D8I/D8i�AZMj:zÀ9p8cHo*p�¨ Zsx|¥�e1�nc&:�i�I/e#efMXN¹¨lEGNJNJp3c9FUQ9M\NJP�¶·EG�8?�rz?lk\:�M�FONVP�i�I/eft�I/cHPSD¦FUMRP<ÇzEJPSNJM\K8p e#In©
efMZD¦FÊiZEGD8A�FHEJo*p8M0QHM�NVPnFHEGg¾t3QHAZc9MZD¦FUM²p8D8M0�{p3i�FUp8PnFUEGI/D PSD8D*p8M�NJNJM0K3M

∆hsaison.
3 ≈ 20 1024 ���[e 2c

−1 � �/I/EGQ�¶·EG�8?�r�?l^��#:�c9I/EGF¾r �ÈK8MvcUP�efI�b/MZD3D8MS?�»¼N·MZD0QHA�cHp8N´FUMXp3D8MXghI/D8i�FUEJISD�K�¨sM�ÇziZE´FTPnFHEJI/D0P(Ç3EJPSNJM
∆hsaison.

3 /CΩ ≈ 4 10−9 : Z�NJPSo*p8MZNGNJMfiZI/Q9QHM�cHtuI/D8K[p8D8M��nPSQ9EVPnFHEJI/D�PSD8D*p8M�NJNJM#K8MLNVP�NJI/D8�Sp8MZp8Q\K8pÀ9I/p8Q�A��¦PSNGM Z
3 10−9 ∗ 86400

c ≈ 0, 3
efc �

0, 6
e#c�t8EGi Zvt8EJi ��?

~�MZc&�SMZD¦FUc EJD3K8p8EGFHc�t8PSQ&NGM!i�b�i�NJM!FH�8MZQ9e#EGo�p3M!K8EGp8QHD8M�D8M�c9M�iZI/eftuMZD8c9MZD¦F t{PSc�Z�N½¨sAZiT�8M�NJNGM
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Ω
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−π
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∫ 2π

0

f(λ, θ)Ps sin2 θ





cos θ cosλ
cos θ sinλ

sin θ



 dθ dλ
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hP (λ, θ)
�
hP ≥ 0

�1:;NVPft8QHM�cHc9EJI/D�c�¨lM Çzt8QHEGe#M\t{PSQ
PO = ρegh
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[HO] = −R4
e

∫ π
2

−π
2

∫ 2π

0

(1 − f(λ, θ))ρwh(λ, θ) sin2 θ





cos θ cosλ
cos θ sinλ

sin θ



 dθ dλ
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[hO] = R3
eρe

∫ hP

h=0

∫ π
2

−π
2

∫ 2π

0

sin θ





vθ sinλ+ vλ cos θ cosλ
−vθ cos λ+ vλ cos θ sinλ

−vλ sin θ



 dh dθ dλ
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vO = 1
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I11 =

∫

(y2 + z2)
-
M I12 = −

∫

xy
-
m

I22 =

∫

(x2 + z2)
-
M I23 = −

∫

yz
-
m

 �?> ���8A
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(x2 + y2)
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1

2 MeRe
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∫

r2 (3 sin2 φ− 1)
-
m

=
1

2 MeRe
2

∫

(

3(r sinφ)2 − r2
) -

m

=
1

2 MeRe
2

∫

(

3z2 − r2
) -

m

=
1

2 MeRe
2

∫

(

2z2 − x2 − y2
) -

m

=
1

2 MeRe
2 [−I33 + (I11 + I22 − I33)]

=
1

MeRe
2

[

−I33 +
I11 + I22

2
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=
C − A
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-
m
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-
m
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1
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-
m
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C22 =
1
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∫

r2 cos2 φ cos(2λ)
-
m

=
1

4 MRe
2

∫

(r cosφ)2 (cos2 λ− sin2 λ)
-
M

=
1

4 MRe
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]

=
1

4 MRe
2

∫
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-
M

=
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4 MRe
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1
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2
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r2 cos2 φ sin(2λ)
-
M
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1
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2 MRe
2
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2 S22

 J878*F� 
 9 >  � > �	�8A�A  �?> � 
8A

= −
√

5

3
M Re
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3
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I22 − I11 = 4 M Re
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x = r cosφ cosλ
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y = r cos φ sinλ
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z = r sinφ

* �,� -�78��+
r2 = x2+y2+z2 >

� � � $ ���'&�&��?- / H 9 4�
)��*F78����H 9 4�* J�
)46� � 1

I11 = I22 − 4 M Re
2 C22

 > A

I33 = I22 − 2 M Re
2 C22 −M Re

2 C20
 �8A

2 I22 − 4 M Re
2 C22 + I22 − 2 M Re

2 C22 −M Re
2 C20 = Tr(I)

 �BA

� �



� *F����*�*�78��76�6��*��,�D��1

I11 =
1

3
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√
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√
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Tr(I) + 2 M Re

2 C22 +
1

3
M Re

2 C20

 �BA

=
1

3
Tr(I) +

√

5

3
M Re

2 C̄22 +

√
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